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DERIVED CATEGORIES AND LIE ALGEBRAS
JIE XIAO, FAN XU AND GUANGLIAN ZHANG
Dedicated to Professor George Lusztig
Abstract. Let Db(A) be the derived category of a finite dimensional basic
algebra A with finite global dimension. We construct the Lie algebra arising
from the 2-periodic version K2(P(A)) of Kb(P(A)) in term of constructible
functions on varieties attached to K2(P(A)).
1. Introduction
1.1. In the last thirty years of the twentieth century, there were two parallel fields
in mathematics got extensively developed. One is the infinite dimensional Lie the-
ory, in particular, the Kac-Moody Lie algebras. One is the representation theory of
finite dimensional algebras, in particular, the representations of quivers. The close
relation between the two subjects was discovered in a very early stage. Gabriel in
[G] found that the quivers of finite representation type were given by the Dynkin
graphs in Lie theory, and the dimension vectors provide the bijective correspondence
between the isomorphism classes of indecomposable representations of the quiver
and the positive root system of the semisimple Lie algebra. After the Gabriel the-
orem, a lot of progress on the connection between the representations of quivers or
hereditary algebras and Lie algebras had been made, for example, by Bernstein-
Gelfand-Ponomarev [BGP] and Dlab-Ringel [DR]. The final and most general result
is the Kac theorem [K1] which extends to consider the quiver and the symmetric
Kac-Moody algebra of arbitrary type. It states that the dimension vectors of inde-
composable representations are exactly the positive roots, a unique indecomposable
corresponds to each real root and infinitely many to each imaginary root; the mul-
tiplicity of the imaginary root, which is conjectured by Kac in [K2], is given by a
geometric parameter in terms of representations of the quiver. A new progress on
the Kac conjecture is by Crawley-Boevey and Van den Bergh in [CBV].
1.2. Ringel in [R2] discovered his Hall algebra structure by giving an answer to
the following fundamental question: how to recover the underlying Lie algebra
structure directly from the category of representations of the quiver.
Let Q be a quiver, A = FqQ the path algebra of Q over Fq : the finite field with
q elements. Set P = {isoclasses of representations of Q}. For any α ∈ P choose Vα
The research was supported in part by NSF of China and by the 973 Project of the Ministry
of Science and Technology of China.
2000 Mathematics Subject Classification. Primary 18E30, 17B37, 16G10; Secondary 16G20,
14L30, 17B67.
Key words and phrases. Derived category, orbit space, constructible function, Lie algebra, Kac-
Moody.
1
2 JIE XIAO, FAN XU AND GUANGLIAN ZHANG
to be a representative in the class α. Given three classes λ, α, β ∈ P , let gλαβ be
the order of the finite set {W ✁ Vλ|W ∼= Vβ , Vλ/W ∼= Vα}. By taking v = √q and
the integral domain Q(v), the (twisted) Ringel-Hall algebra H∗(A) can be defined
to be a free Q(v)-module with basis {uλ|λ ∈ P} and multiplication is given by
uα ∗ uβ = v〈α,β〉
∑
λ∈P
gλαβuλ for all α, β ∈ P .
One may consider the subalgebra of H∗(A) generated by ui = uαi , for i ∈ I(=
Q0) where αi ∈ P is the isoclass of simple A-module at vertex i. The subalgebra is
called the composition algebra and it is denoted by C∗(A). On the other hand, the
index set I of simple A-modules together with the symmetric Euler form (I, (−,−))
of A is a Cartan datum in the sense of Lusztig [L4]. For a Cartan datum (I, (−,−)),
the quantized enveloping algebra Uq defined by Drinfeld [Dr] and Jimbo [J] is asso-
ciated with it. The positive part U+q is generated by Ei, i ∈ I with subject to the
quantum Serre relations.
There is a usual way to define the generic form C∗(Q) of the composition algebra
C∗(A) by considering the representations of Q over infinitely many finite fields.
Then C∗(Q) is a Q(v)-algebra where v becomes a transcendental element over Q.
Put u
(∗n)
i =
u∗ni
[n]i!
for i ∈ I and n ∈ N and let C∗(Q)Z be the integral form of
C∗(Q), which is generated by u(∗n)i , i ∈ I, n ∈ N over the integral domain Z =
Z[v, v−1]. Also the quantum group U+q has the integral form U+Z , which is generated
by E
(n)
i , i ∈ I, n ∈ N over Z. Then by Ringel [R1] and Green [Gr], the canonical
map C∗(Q)Z → U+Z by sending u(∗n)i to E(n)i for i ∈ I and n ∈ N leads to a
Z-algebra isomorphism, if the two algebras share a common Cartan datum.
Let indP = {isoclasses of indecomposable representations of Q}. Then gλαβ can
be regarded as a function on q for α, β, λ ∈ indP . In fact, Ringel in [R2] proved
that gλαβ is an integral polynomial on q when Q is of finite type. One can take
the integral value gλαβ(1) by letting that q tends to 1. Ringel [R2], for Q of finite
type, prove that the uα, α ∈ indP , spanned a Lie subalgebra of C∗(Q) |q=1 with
Lie bracket
[uα, uβ] =
∑
λ∈indP
(gλαβ(1)− gλβα(1))uλ
for α, β ∈ indP . This realized the positive part n+ of the semisimple Lie algebra g.
Of course, Ringel’s approach also works for Q of arbitrary type. In general, there
exists the generic composition Lie subalgebra L of C∗(Q) |q=1 generated by ui, i ∈ I
and indP is no longer to index a basis of L. Now L is canonically isomorphic to the
positive part n+ of the symmetric Kac-Moody Lie algebra g. For a realization of the
whole g, not just its positive part, Peng and Xiao in [PX3] have constructed a Lie
algebra from a triangulated category with the 2-periodic shift functor T, i.e, T 2 = 1.
If, specially, consider the 2-periodic orbit category of the derived category of a finite
dimensional hereditary algebra, the Lie algebra obtained in [PX3] gives rise to the
global realization of symmetrizable Kac-Moody algebra of arbitrary type. In [PX3]
they consider the triangulated categories over finite fields. Replacing counting the
order of the filtration set, they calculate the order of the orbit space of a triangle.
By a hard work, they obtained a Lie ring g(q−1) over Z/(q − 1) for the prime
powers q = |Fq|. Then they performed their work over finite field extensions of
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arbitrarily large order and construct a generic Lie algebra which is similar to the
generic composition Lie subalgebra done by Ringel in [R3]. A transcendental Lie
algebra was finally obtained.
1.3. Quickly after the work of Ringel [R1], people realized that a geometric setting
of Ringel-Hall algebra is possible by using the convolution multiplication (see [Sch]
and [L1]). Let Q be a quiver and α =
∑
i∈I aii ∈ N[I] a dimension vector. We fix
a I-graded space Cα = (Cai)i∈I . Then
Eα =
⊕
h:s(h)→t(h)
HomC(C
as(h) ,Cat(h))
is an affine space. Set
Gα = Πi∈IGL(ai,C).
For any (xh) ∈ Eα and g = (gi) ∈ Gα, we define the action g · (xh) = (gt(h)xhg−1s(h)).
For any Q-representation M with dimM = α, let OM ⊂ Eα be the Gα-orbit of M.
For an algebraic variety X over C, a subset A of X is said to be constructible if
it is a finite union of locally closed subsets. A function f : X → C is constructible
if it is a finite C-linear combination of characteristic functions 1O for constructible
subsets O.
We defineMGα(Q) to be the space of constructible Gα-invariant functions Eα →
C, and let MG(Q) =
⊕
α∈NI MGα(Q). Let indEα(Q) to be the constructible subset
of Eα consisting of all points x which correspond to indecomposableQ-representations,
and let indMGα(Q) to be the space of constructible Gα-invariant functions over
indEα. We may regard as indMGα(Q) = {f ∈ MGα(Q)|suppf ⊆ indEα}, and
indMG(Q) = ⊕α∈R+ indMGα(Q), where, by Kac theorem, R+ is the positive root
system of the Kac-Moody Lie algebra corresponding to Q. The space MG(Q) =⊕
α∈NI MGα(Q) cab be endowed with the associative algebra structure by the con-
volution multiplication:
1O1 ∗ 1O2(y) = χ(FyO1O2)
for any Gα-invariant constructible set O1 and Gβ-invariant constructible set O2
with α, β ∈ NI, where FyO1O2 = {x ∈ O2 | M(x) ⊆ M(y) and M(y)/M(x) ∈ O1}
and χ(X) denotes the Euler characteristic of the topological space X. As in [Rie]
and [DXX], it can be proved that the space indMG(Q) has a Lie algebra structure
under the usual Lie bracket
[1O1 , 1O2 ] = 1O1 ∗ 1O2 − 1O2 ∗ 1O1 .
Applying this setup to the case Q being a tame quiver, Frenkel-Malkin-Vybornov
[FMV] gave an explicit realization of the positive parts of affine Lie algebras.
1.4. The great progress is made by Lusztig, who apply the Hall algebras in a
geometric setting to study the quantum groups (see [L1] and [L2]) and the en-
veloping algebras (see [L5]). The canonical bases of the quantum groups and the
semicanonical bases of the enveloping algebras were originally constructed in terms
of representations of quivers. However Lusztig [L2] has pointed out that a more
suitable choice is the preprojective algebra, which is given by the double quiver of
Q with the Gelfand-Ponomarev relations. Further progress in this direction is the
study of Nakajima [N] on his quiver varieties, which leads to a geometric realization
of the representation theory of Kac-Moody algebras.
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Inspired by Ringel’s work on Hall algebras and Lusztig’s geometric approach to
quantum groups, the aim of this paper is to give a global and geometric realization
of the Lie algebras arising from the derived categories, which is a generalization of
our earlier work [PX3].
1.5. If we consider the module category of A = CQ/J, we have the algebraic va-
riety Ed(Q,R) for A-modules with a fixed dimension vector d and it is a G-variety
where G = Gd(Q) is a reductive group. According to the work of C.de Concini
and E.Strickland in [CS] and M.Saorin and B.Huisgen-Zimmermann in [SHZ], this
geometry can be generalized to over the chain complexes of A-modules. Section
2 is devoted to do this. Let K0(Db(A)) be the Grothendieck group of Db(A) and
dim be the canonical map from the abelian group of dimension vector sequences
to K0(Db(A)). Given d ∈ K0(Db(A)) and d ∈ dim−1(d), the set Cb(A,d) of
all complexes of A-modules with the dimension vector sequences d and its subset
Pb(A,d) of all projective complexes can be endowed with the affine variety struc-
tures. Let Cb(A,d) (resp. Pb(A,d)) be the direct limit of Cb(A,d) (resp. Pb(A,d))
for d ∈ dim−1(d). Here, we associate to Kb(P(A)) its quotient space QPb(A,d)
which is the direct limit of the quotient spaces QPb(A,d)) of Pb(A,d) under the
action of some algebraic group Gd. Our main aims in Section 2 are to study the
relation between Qb(A,d) and QPb(A,d), the action of derived equivalence on
Qb(A,d) and QPb(A,d) and characterize the orbit space QPb(A,d) of Pb(A,d)
under the action of the direct limit Gd of algebraic groups Gd. Therefore the main
point in Section 2 is that, we can regard the Gd-invariant geometry in Pb(A,d) as
the moduli space in which the orbits index the isomorphism classes of objects in
the derived category.
In Section 3, we consider the inverse limit of the C-space of Ge-invariant con-
structible functions over Pb(A, e) for any e ∈ dim−1(d). Any element in the inverse
limit can be viewed as a Gd-invariant constructible function over Pb(A,d). We de-
fine the convolution between Gd-invariant constructible functions. Our main result
in Section 3 is that our convolution rule is well-defined. In order to prove it, we
need to define the na¨ıve Euler characteristic of the orbit spaces induced by trian-
gles in the triangulated category as in [Jo1, Section 4.3]. The theorem of Rosenlicht
[Ro] for the algebraic group action on varieties is crucial for us. Section 4 is just
to transfer the results in Section 3 to the 2-periodic orbit categories of the derived
categories.
Section 5 is devoted to verifying the Jacobi identity. In [PX3], by counting the
Hall numbers FLXY for the triangles of the form X → L → Y → X [1], it has
been proved that the Jacobi identity can be deduced from the octahedral axiom of
the triangulated categories. However we need to prove that the correspondences
among the various orbit spaces in the derived categories are actually given by the
algebraic morphisms of algebraic varieties. We think this geometric method is more
transparent to reflect the hidden symmetry in the derived category. Additionally,
we get the two properties which is unknown in [PX3]. Firstly the proper assumption
in [PX3] is not necessary, in fact, it is easy to give examples such that dimX = 0 for
some nonzero indecomposable X in Db(A). Secondly we show that the Lie algebras
arising from the 2-periodic orbit categories of the derived categories always possess
the symmetric invariant form in the sense of Kac [K3], which is essentially non-
degenerated. Section 6 is to apply the construction to the 2-periodic orbit categories
of the derived categories of representations of quivers, particularly, tame quivers.
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This gives rise to a global realization of the symmetric (generalized) Kac-Moody
algebras of arbitrary type. In particular, an explicit realization of the affine Lie
algebras.
1.6. Finally we should mention recent advances by Toe¨n [T] and Joyce [Jo2]. Toe¨n
defined an associative algebra, called the derived Hall algebra associated to a dg
category over a finite field. A direct proof for Toe¨n’s theorem is given in [XX].
Joyce considered a new Ringel-Hall type algebra consisting of functions over stacks
associated to abelian categories. Their results can be viewed as improvements of
the Ringel-Hall type algebra with respect to categorification and geometrization.
However, it is unknown how to define an analogue of the derived Hall over the
complex field (see [L6] [N]) or an analogue of the derived algebra for the 2-period
version of a derived category (see [T] and [XX]). Hence, it is still an open question
to define an associative multiplication which induces the Lie bracket in this paper
and supplies the realization of the corresponding enveloping algebra.
2. Topological spaces attached to derived categories
2.1. Module varieties. Given an associative algebra A over the complex field C ,
in this paper, we always assume that A is both finite dimensional and finite global
dimensional. By a result of P.Gabriel ([G]) the algebra A is given by a quiverQ with
relations R (up to Morita equivalence). Let Q = (Q0, Q1, s, t) be a quiver, where
Q0 and Q1 are the sets of vertices and arrows, respectively, and s, t : Q1 → Q0
are maps such that any arrow α starts at s(α) and terminates at t(α). For any
dimension vector d = (di)i∈Q0 , we consider the affine space over C
Ed(Q) =
⊕
α∈Q1
HomC(C
ds(α) ,Cdt(α))
Any element x = (xα)α∈Q1 in Ed(Q) defines a representation (C
d, x) where Cd =⊕
i∈Q0
Cdi . A relation in Q is a linear combination
∑r
i=1 λipi, where λi ∈ C and
pi are paths of length at least two with s(pi) = s(pj) and t(pi) = t(pj) for all
1 ≤ i, j ≤ r. For any x = (xα)α∈Q1 ∈ Ed and any path p = α1α2 · · ·αm in Q we set
xp = xα1xα2 · · ·xαm . Then x satisfies a relation
∑r
i=1 λipi if
∑r
i=1 λixpi = 0. If R
is a set of relations in Q, then let Ed(Q,R) be the closed subvariety of Ed(Q) which
consists of all elements satisfying all relations in R. Any element x = (xα)α∈Q1
in Ed(Q,R) defines in a natural way a representation M(x) of A = CQ/J with
dimM(x) = d, where J is the admissible ideal generated by R. We consider the
algebraic group
Gd(Q) =
∏
ı∈Q0
GL(di,C),
which acts on Ed(Q) by (xα)
g = (gt(α)xαg
−1
s(α)) for g ∈ Gd and (xα) ∈ Ed. It
naturally induces the action of Gd(Q) on Ed(Q,R). The induced orbit space is
denoted by Ed(Q,R)/Gd(Q). There is a natural bijection between the set M(A, d)
of isomorphism classes of C-representations of A with dimension vector d and the set
of orbits of Gd(Q) in Ed(Q,R). So we may identifyM(A, d) with Ed(Q,R)/Gd(Q).
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2.2. Categories of complexes. First we consider the category of complexes C(A).
Its objects are sequences M• = (Mn, ∂n) of finite dimensional A-modules and their
homomorphisms
(2.1) . . .
∂n−1−−−−→ Mn ∂n−−−−→ Mn+1 ∂n+1−−−−→ Mn+2 ∂n+2−−−−→ . . .
such that ∂n+1∂n = 0 for all n. A morphism φ
• :M• →M ′• between two complexes
is a sequence of homomorphisms φ• = (φn :Mn →M ′n)n∈Z such that the following
diagram is commutative.
(2.2)
. . .
∂n−1−−−−→ Mn ∂n−−−−→ Mn+1 ∂n+1−−−−→ Mn+2 ∂n+2−−−−→ . . .
φn
y φn+1y φn+2y
. . .
∂′n−1−−−−→ M ′n
∂′n−−−−→ M ′n+1
∂′n+1−−−−→ M ′n+2
∂′n+2−−−−→ . . .
One says that such a morphism is homotopic to zero if there are homomorphisms
σn : Mn → M ′n−1 such that φn = σn+1∂n + ∂′n−1σn for all n ∈ Z. The factor
category K(A) of C(A) modulo the ideal of morphisms homotopic to zero is called
the homotopic category of A-modules. For each n the n-th homology of a complex
is defined as Hn(M
•) = Ker ∂n/Im∂n−1. Obviously, a morphism φ
• of complexes
induces homomorphisms of homologies Hn(φ
•) : Hn(M
•) → Hn(M ′•) and if φ•
is homotopic to zero, it induces zero homomorphisms of homologies. One call a
morphism φ• in C(A) or in K(A) quasi-isomorphism if the induced morphisms
Hn(φ
•) are isomorphisms for all n. Now the derived category D(A) is defined to be
the category of fractions K(A)[N−1], where N is the set of all quasi-isomorphisms,
which is obtained from K(A) by inversing all morphisms in N . One calls a complex
right bounded (left bounded, bounded, respectively) if there is n0 such that Mn =
0 for n > n0 ( there is n1 such that Mn = 0 for n < n1, or there are both,
respectively). The corresponding categories are denoted by C−(A),K−(A),D−(A)
( by C+(A),K+(A),D+(A), or by Cb(A),Kb(A),Db(A), respectively). In this paper
we mainly deal with the bounded situation.
The category A-mod of finite dimensional A-modules can be naturally embedded
into D(A) (even in Db(A)): a module M is identified with the complex M• such
that M0 =M and Mn = 0 for n 6= 0.
A complex P • = (Pn, ∂n) is called projective if all Pn are projective A-modules.
Since the category A-mod has enough projective objects, one can replace, when
considering right bounded homotopic and derived category, arbitrary complexes by
projective ones. We denote by P−(A) and by Pb(A) the full subcategories of C−(A)
and Cb(A) which consist of right bounded and bounded projective complexes, re-
spectively. Actually, we have D−(A) ≃ K−(P−(A)) ≃ P−(A)/I, where I is the
ideal of morphisms homotopic to zero (see[GM]). Moreover, every finite dimen-
sional A-module M has a projective cover, i.e., an epimorphism pM : P (M) → M
such that P (M) is projective and Ker pM ⊆ radP (M), the radical of P (M). There-
fore, we can only consider minimal or radical projective complexes P • = (Pn, ∂n)
with the property: Pn is projective and Im ∂n ⊆ radPn+1 for all n. Let radP−(A)
be the full subcategory of P−(A) which consist of minimal projective complexes.
Since every projective complex in P−(A) is quasi-isomorphic to a minimal projec-
tive complexes, we have D−(A) ≃ radP−(A)/I, where I is the ideal of morphisms
homotopic to zero. One immediately checks that a morphism φ• between minimal
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projective complexes induces an isomorphism in D−(A) if and only if φ• itself is
an isomorphism in radP−(A). If we further assume that the global dimension of
A is finite, then we have Db(A) ≃ radPb(A)/I, since any bounded complex has a
bounded projective resolution.
2.3. Complex varieties. The geometrization of A-modules with dimension vector
d can be carried over, in the same spirit, to the complexes. Let the algebra A =
CQ/J be of finite global dimension and the admissible ideal J is given by a set
R of relations in Q. For a dimension vector d we understand as d : Q0 → N. We
set the Q0-graded C-space C
d =
⊕
j∈Q0
Cd(j). For a sequence of dimension vectors
d = (· · · , d−1, d0, d1, · · · ) with only finite many non-zero entries, we define Cb(A,d)
to be the closed subset of (see [SHZ])∏
i∈Z
Edi(Q,R)×
∏
i∈Z
HomC(V
di , V di+1)
which consists of elements (xi, ∂i)i, where xi ∈ Edi(Q,R) and M(xi) = (Cdi , xi) is
the corresponding A-module and ∂i ∈ HomC(Cdi ,Cdi+1) is a A-module homomor-
phism fromM(xi) toM(xi+1) with the property ∂i+1∂i = 0. In fact, (M(xi), ∂i)i, or
simply denoted by (xi, ∂i)i, is a complex of A-modules and d is called its dimension
vector sequence.
The group Gd :=
∏
i∈ZGdi(Q) acts on Cb(A,d) via the conjugation action
(gi)i(xi, ∂i)i = ((xi)
gi , gi+1∂ig
−1
i )i
where the action (xi)
gi was defined as in Section 2.1. Therefore the orbits under the
action correspond bijectively to the isomorphism classes of complexes of A-modules.
We fix a set P1, P2, · · · , Pl to be a complete set of indecomposable projective
A-modules (up to isomorphism). Let Pb(A) be the full subcategory of Cb(A) which
consists of projective complexes P • = (P i, ∂i) such that each P
i has the decomposi-
tion P i ∼=⊕lj=1 eijPj . We denote by e(P i) the vector (ei1, ei2, · · · , eil). The sequence
(· · · , e(P−1), e(P 0), e(P 1), · · · ), denoted by e(P •), is called the projective dimen-
sion sequence of P •. Put d(e) = (di), where di = dimP
i,. In the similar way as in
[JSZ], for a fixed projective dimension sequence e = (· · · , ei, · · · ), we define Pb(A, e)
to be the locally closed subset of Cb(A,d(e)) consisting of (xi, ∂i)i with (Cdi , xi)
isomorphic to P i for any i ∈ Z. The action of the algebraic groupGd(e) :=
∏
i∈ZGdi
on Cb(A,d(e)) induces an action on Pb(A, e).
2.4. In this subsection we consider the topological structures which are endowed
with Cb(A) and Pb(A).
Let K0(Db(A)), or simply by K0, be the Grothendieck group of the derived
categoryDb(A), and dim : Db(A)→ K0(Db(A)) the canonical surjection. It induces
a canonical surjection from the abelian group of dimension vector sequences to K0,
we still denote it by dim. We have known that the set Cb(A,d) of all complex of
fixed dimension vector sequence d in Cb(A) is an affine variety. For any d1,d2 ∈
dim−1(d), we write d1 ≤ d2, if there exists a complexM•(d1,d2) in Cb(A,d2−d1)
which is a direct sum of shifted copies of complexes of the form
· · · // 0 // S 1 // S // 0 // · · ·
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where S is a simple A-module. This defines a partial order on dim−1(d). Fix the
set
{M•(d1,d2) | d1,d2 ∈ dim−1(d),M•(d1,d2)⊕M•(d2,d3) =M•(d1,d3)}.
We have a morphism of varieties :
Td1d2 : Cb(A,d1)→ Cb(A,d2)
mapping a complex X• to X• ⊕ M•(d1,d2). Then we obtain a direct system
{(Cb(A,d), Tdd′) | d,d′ ∈ dim−1(d)} and define
Cb(A,d) = lim−→
d∈dim−1(d)
Cb(A,d)
for d ∈ K0. We have a canonical morphism Td : Cb(A,d) → Cb(A,d) for any
d ∈ dim−1(d). A subset U is open in Cb(A,d) if and only if T−1
d
(U) is open in
Cb(A,d) for any d ∈ dim−1(d).
Moreover, we also define the quotient spaceQb(A,d) = Cb(A,d)/ ∼, where x ∼ y
if and only if the corresponding complexes M(x)• and M(y)• are quasi-isomorphic
to each other, i.e., they are isomorphic in Db(A). The topology of Qb(A,d) is
quotient topology, i.e., let π : Cb(A,d) → Qb(A,d) be the canonical surjection, U
is an open (closed) set of Qb(A,d) if and only if π−1(U) is an open (closed) set of
Cb(A,d). Let S be a subset of Cb(A,d). Its orbit space is defined as O(S) = {y|y ∼
x for some x ∈ S}.
A complexX• = (Xi, ∂i)i is called contractible if the induced homological groups
Hi(X
•) = ker ∂i+1/Im∂i = 0 for all i ∈ Z. It is easy to see that any contractible
projective complex is isomorphic to a direct sum of shifted copies of complexes of
the form
. . . −−−−→ 0 0−−−−→ P f−−−−→ P 0−−−−→ 0 −−−−→ . . .
with P is a projective A-module and f is an automorphism. We call an element
x ∈ Pb(A, e) contractible if the corresponding projective complex is contractible.
Let e1 and e2 be projective dimension sequence such that d(e1) and d(e2) are
in dim−1(d). We write e1 ≤ e2 if there exists a contractible projective complex
P •(e1, e2) ∈ Pb(A, e2 − e1). We fix the set
{P •(e1, e2) | P •(e1, e2)⊕ P •(e2, e3) = P •(e1, e3),d(e1),d(e2),d(e3) ∈ dim−1(d)}
of contractible projective complexes. Then we have a canonical morphism of vari-
eties
te1e2 : Pb(A, e1)→ Pb(A, e2)
mapping X• to X• ⊕ P •(e1, e2). Hence, we can define
Pb(A,d) = lim−→
d(e)∈dim−1(d)
Pb(A, e)
for any d ∈ K0. By definition, there are canonical morphisms te : Pb(A, e) →
Pb(A,d). We have the quotient space
QPb(A,d) = Pb(A,d)/ ∼,
where x ∼ y in Pb(A,d) if and only if the corresponding projective complexes P (x)•
and P (y)• are quasi-isomorphic, i.e., they are isomorphic in Db(A). The topology
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for QPb(A,d) is the quotient topology from Pb(A,d). For any x ∈ Pb(A,d), then
the orbit is
O(x) = {y ∈ Pb(A,d)|y ∼ x}.
For e1 ≤ e2, there exist a natural morphism of varieties fe1e2 : Gd(e1) → Gd(e2)
mapping g = (gi) to
(
gi 0
0 1
)
. Then we define
Gd = lim−→
d(e)∈dim−1(d)
Gd(e).
By definition, there are canonical morphisms fe : Ge → Gd. The action of the
algebraic group Gd(e) on Pb(A, e) naturally induces an action of Gd on Pb(A,d).
Let ge ∈ Ge and xe′ ∈ Pb(A, e′). Then there exists e′′ such that e ≤ e′′ and e′ ≤ e′′.
We define
fe(ge).te′(xe′) = fe′′(fee′′(ge).te′e′′(xe′)).
It is well-defined. We denote by QPb(A, e) and Q1Pb(A,d) the orbit spaces of
Pb(A, e) and Pb(A,d) under the actions of Gd(e) and Gd, respectively. We have
the follow result.
Proposition 2.1. With the above notations, we have
QPb(A,d) = Q1Pb(A,d) = lim−→
d(e)∈dim−1(d)
QPb(A, e).
The proposition is the direct corollary of the following three lemmas (see [BD]
or [JSZ]).
Lemma 2.2. In Pb(A), any projective complex can be uniquely decomposed (up to
isomorphism) into the direct sum of a minimal projective complex and a contractible
projective complex.
Lemma 2.3. Let f• : P • → Q• be a morphism between two minimal projective
complex in Pb(A). Then f• is a quasi-isomorphism if and only if f• is an isomor-
phism.
Lemma 2.4. Let f• : P • → Q• be a morphism in Pb(A) and e(P •) = e(Q•).
Then f• is a quasi-isomorphism if and only if f• is an isomorphism.
2.5. The aim of this subsection is to build the connection between Qb(A,d) and
QPb(A,d).
Lemma 2.5. Suppose the following diagram is a pullback of A-module, and g1 is
surjective,
X
f1−−−−→ Yyf2 yg1
Z
g2−−−−→ W
then we have the following properties hold:
(1) Kerf1 ∼= Kerg2;
(2) YImf1
∼= WImg2 ;
(3) there exists the exact sequence: 0 −→ X −→ Y ⊕ Z −→ W −→ 0.
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Proof. The first and third statement just follow the definition of pullback, refer
to [ARS]. For the second statement, we use the first statement again to get an
isomorphism:Kerf2 ∼= Kerg1. By this, the conclusion follows. 
For any dimension vector sequence d = (di)i∈Z, we construct for any complexM
• in
Cb(A,d) a projective complex F • such that F • is quasi-isomorphic to M•. Assume
dim CA = n and gl.dim.A = m.
Let M• be a complex with the following form:
(2.3) 0 −−−−→ M1 ∂2−−−−→ . . . ∂r−1−−−−→ Mr−1 ∂r−−−−→ Mr −−−−→ 0
which dim CMi = di for any i ∈ Z. Here, if di = (dji )j∈Q0 , then di =
∑
j∈Q0
dji .
SinceMr has dimension dr, we have the surjective map: πr : A
dr −→Mr. Along
the differential ∂r and the above πr, we form the pullback Xr−1:
(2.4)
. . . −−−−→ Mr−2 −−−−→ Xr−1 ∂ˆr−−−−→ Adr −−−−→ 0
id
y πˆr
y πr
y
. . . −−−−→ Mr−2 −−−−→ Mr−1 ∂r−−−−→ Mr −−−−→ 0
Depending on Lemma 2.6, we have the following exact sequence:
0 −→ Xr−1 −→ Adr ⊕Mr−1 −→Mr −→ 0
The dimension of Xr−1, denoted by lr−1, is dr−1 + dr(n − 1). Similarly, we have
the surjective map: π˜r : A
lr−1 −→ Xr−1, and πˆr is also surjective by the lemma.
So we can also form the pullback Xr−2 as showed in the following diagram:
(2.5) . . . //Mr−3 // Xr−2
∂ˆr−1
//
πˆr−1

Alr−1 //
π˜r

Alr // 0
. . . //Mr−3 // Mr−2 // Xr−1
∂ˆr //
πˆr

Adr //
πr

0
. . . //Mr−3
∂r−2
// Mr−2
∂r−1
// Mr−1
∂r // Mr // 0
Inductively, we get a complex of ‘almost’ free A-module F • as follows:
(2.6) 0 −−−−→ P −−−−→ . . . −−−−→ Al1 ∂ˆ2π˜2−−−−→ . . . −−−−→ Alr −−−−→ 0
where li + li−1 = nli + di−1 for i = 2 −m, · · · , r, in particular, lr = dr and P is
a projective module of dimension nl2−m − l2−m. Every term of this complex is a
free A-module except the first term. By the construction, there exists a projective
dimension sequence e only depending on the choice of dimension vector sequence
d such that F • ∈ Pb(A, e). Moreover, This complex is quasi-isomorphism to M•.
First,
Hr(F
•) =
Alr
Im∂ˆrπ˜r
=
Alr
Im∂ˆr
∼= Mr
Im∂r
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This follows from that π˜r is surjective and the above lemma. In general, for i < r,
Hi(F
•) =
Ker∂ˆi+1π˜i+1
Im∂ˆiπ˜i
=
Ker∂ˆi+1π˜i+1
Im∂ˆi
=
(πˆi+1π˜i+1)
−1(Ker∂i+1)
(πˆi+1π˜i+1)−1(Im∂i)
= Hi(M
•).
In fact, we can construct a new complex from any place of a complex and two
complexes are quasi-isomorphic to each other as follows. Given a dimension vector
sequence d(i) for some i ∈ N, let M• ∈ Cb(A,d(i)). Then we obtain a complex
X• ∈ Cb(A,d(i−1)) for some dimension vector sequence d(i−1) by the commutative
diagram
(2.7) X• :

· · · // Xi−1 //

Adi //

Mi+1 // · · ·
M• : · · · // Mi−1 // Mi // Mi+1 // · · ·
where di = dimCMi and Xi−1 is the pullback. In this way, we obtain a map
fi : Cb(A,d(i))→ Cb(A,d(i − 1))
such that fi(M
•) is quasi-isomorphic to M• for any M• ∈ Cb(A,d(i)).
Proposition 2.6. The above construction induces a map fd : Cb(A,d)→ Pb(A, e)
for some projective dimension sequence e such that there exists a finite stratification
Cb(A,d) = ⊔iOi such that all Oi are constructible and fd |Oi is a morphism of
varieties.
The map satisfies the property in Proposition 2.6 is called the constructible map
which has been considered in [Xu] or [Pa].
Now we consider the geometrization of Kernel and cokernel of the homomor-
phisms of modules. First of all, we consider the kernel and cokernel of a linear
map.
Lemma 2.7. For any d1, d2 ∈ N, there exist constructible maps
K : HomC(Cd1 ,Cd2)→
⋃
d≤d1
Inj(kd, kd1)
and
C : HomC(Cd1 ,Cd2)→
⋃
d′≤d2
Surj(kd, kd1)
such that for any f ∈ HomC(Cd1 ,Cd2), there exists a long exact sequence
0 // Cd
K(f)
// Cd1
f
// Cd2
C(f)
//
Cd
′ // 0
where d is the rank of f and d′ = d2 + d− d1.
It can be easily proved by making a finite partition ofMd2×d1(C). As an analogy
of this lemma for homorphisms of modules, we have
Lemma 2.8. For any two dimension vectors d1, d2, let (C
d1 , x1) and (C
d2 , x2) be
two A-modules. Then there exist constructible maps
(K1,K2) : HomA((Cd1 , x1), (Cd2 , x2))→
⋃
d;d≤d1
Ed(A)×HomC(Cd,Cd1)
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and
(C1, C2) : HomA((Cd1 , x1), (Cd2 , x2))→
⋃
d′;d′≤d2
Ed′(A)×HomC(Cd2 ,Cd
′
)
such that for any f ∈ HomA((Cd1 , x1), (Cd2 , x2)), there exists a long exact sequence
0 // (Cd,K1(f))
K2(f)
// (Cd1 , x1)
f
// (Cd2 , x2)
C2(f)
// (Cd
′
, C2(f)) // 0 .
Now we come to prove our proposition.
Proof. Without loss of generality, we assume d = (d1, · · · , dr) for some r ∈ N. We
set d(r) := d. By Lemma 2.8, the above construction of ‘almost’ free resolution
induces a chain of constructible map:
Cb(A,d(r)) fr // Cb(A,d(r − 1)) fr−1 // · · · // Cb(A,d(−m))
where d(r − 1) = (dr−11 , · · · , dr−1r ) satisfies dr−1i = di for i < r − 1 and dr−1r =
dimAdr and dr−1r−1 = dimA
dr +dr−1−dr. By the construction, d(−m) is determined
by d and dimA. Let fd = fr · · · f−m. Note that the composition of constructible
maps is constructible. Then we deduce a constructible map from Cb(A,d(1)) to
Cb(A,d(−m)) satisfying the image of any complex under fd is a almost free pro-
jective complex. We complete the proof of Proposition 2.6. 
2.6. We have the following results.
Theorem A For any d ∈ K0(Db(A)), let φA : Pb(A,d)→ Cb(A,d) be the natural
embeeding. Then there exists a map φ′A : Cb(A,d) → Pb(A,d) such that for any
d ∈ dim−1(d), φ′ |Cb(A,d) is a constructible map and the quotient maps of φA and
φ′A between Qb(A,d) and QPb(A,d) are inverse to each other.
Proof. By Proposition 2.6, there is a map φ′A such that φ
′
A |Cb(A,d)= fd. For any
X• ∈ Cb(A,d), by definition, X• is quasi-isomorphic to φAφ′A(X•). This proves the
theorem. 
Let us recall some results on Morita theory of derived categories ([Rick1] and
[Rick2]). First, a tilting complex T over A is an object in Kb(P ) which satisfies the
following conditions:
1. For any i 6= 0, HomDb(A)(T, T [i]) = 0;
2. The category add(T ) generates Kb(P ) as a triangulated category.
For convenience, we shall consider the right A-module temporarily andA-B-bimodule
means module for Aop
⊗
CB in the following part of this section. J. Rickard proved
the following result.
Rickard’s Theorem For any two finite dimensional basic C-algebras A and B,
they are derived equivalent if and only if there is a tilting complex T over A such
that the endomorphism ring EndDb(A)(T )
op is isomorphic to B.
Moreover, the method of Rickard implies the further results. If A and B are
derived equivalent by a functor F, then the functor F induces a derived equivalence
between Db(Aop ⊗C A) and Db(Bop ⊗C A). The image of A as Aop ⊗C A module
under this functor is a complex, say ∆, in Db(Bop ⊗C A). The functor F induces
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also a derived equivalence between Db(Bop ⊗C B) and Db(Aop ⊗C B). The image
of B as Bop⊗CB module under this functor is a complex, say Θ, in Db(Aop⊗CB).
Then
−⊗LB ∆ : Db(B) −→ Db(A)
is an equivalence of triangulated categories with two quasi-inverses RHomDb(A)(X,−) :
Db(A) −→ Db(B) and −⊗LB Θ : Db(A) −→ Db(B).
Theorem B Let F : Db(A)→ Db(B) be a functor of derived equivalence with the in-
duced isomorphism F0 : K0(Db(A))→ K0(Db(B)). Then for any dA ∈ K0(Db(A)),
there exist maps F1 : Cb(A,dA) → Cb(B,F0(dA)) and F2 : Cb(B,F0(dA)) →
Cb(A,dA) such that for any dA ∈ dim−1(dA) and dB ∈ dim−1(F0(dA)), F1 |Cb(A,dA)
and F2 |Cb(B,dB) are constructible maps and the quotient maps of F1 and F2 are
inverse to each other.
Proof. We consider ∆ as a Bop
⊗
CA-projective complex:
(2.8) . . . −−−−→ △j
∂∆j−−−−→ ∆j+1 −−−−→ . . .
where ∆j is B
op
⊗
CA-projective module. For any X
• ∈ Cb(B,dB), let fdB (X•) is
the corresponding B-projective complex with the following form:
(2.9) . . . −−−−→ P i ∂
P
i−−−−→ P i+1 −−−−→ . . .
Here, fdB is the constructible map from Cb(B,dB) to Pb(B, e1) for some projective
dimension sequence e1. Define the following complex (see [Rick2]):
(2.10) . . . −−−−→ ∏i+j=n P i⊗B ∆j dn−−−−→ ∏i+j=n+1 P i⊗B ∆j −−−−→ . . .
where dn = ∂
P
i
⊗
id+(−1)iid⊗ ∂∆i and∏i+j=n P i⊗B ∆j is A-projective module.
We set e2 to be its A-projective dimension sequence. This defines a map fe1e2 :
Pb(B, e1) −→ Pb(A, e2). By the above construction, it is clearly a constructible
map. In the same way, we can define the constructible map
ge2e3 : Pb(A, e2) −→ Pb(B, e3)
by g(P •) = P •
⊗
AΘ, which is induced by G = −
⊗
AΘ. The constructible maps
φBge2e3 and fe1e2fdB induce the maps F1 and F2. Because F and G are quasi-
inverse to each other, φBge2e3fe1e2(fdB (X
•)) is isomorphic to X• in Db(B). This
proves the theorem. 
3. Constructible functions on topological spaces attached to
derived categories
3.1. Degenerations in derived categories. We rewrite the definition of the
degeneration in [JSZ] for our situation. For any X and Y in Kb(Pb(A)) we denote
by X 6△ Y if there is a distinguished triangle
Y // X
⊕
Z // Z // Y [1]
for some Z ∈ Kb(P(A)). On the topological side, we denote by X 6top Y if
Y ∈ O(X) in Pb(A,d) where O(X) is the closure of the orbit O(X) of X in
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Pb(A,d) under the action of Gd. In order to avoid confusion, we use the following
different notation: X 6∗top Y if and only if Y ∈ GeX = Oe(X) in Pb(A, e) for a
fixed projective dimension sequence e where Oe(X) is the orbit of X in Pb(A, e)
under the action of Ge and O(X) is the closure of O(X) in Pb(A, e). Then Theorem
1 and Theorem 2 in [JSZ] implies the following result.
Theorem 3.1. For any X and Y in Kb(P(A)), then X 6△ Y if and only if
X 6top Y .
For any projective dimension sequence e′ such that e ≤ e′, we setXe′ := tee′(X).
Then we have
O(X) = lim−→
d(e′)∈dim−1(d)
Oe′(Xe′), O(X) = lim−→
d(e′)∈dim−1(d)
Oe′(Xe′).
Proposition 3.2. Let X ∈ Pb(A, e) where e ∈ dim−1(d). Then O(X) is a locally
closed subset of Pb(A,d), i.e., the intersection of a closed subset with an open
subset.
Proof. For any e′ ≥ e, consider the morphism tee′ : Pb(A, e) → Pb(A, e′) sending
M• to M•⊕P •(e, e′) where P •(e, e′) is the direct sum of the complexes with only
two nonzero term formed as P
f−→ P. For any λ ∈ C∗, we denote by P •λ (e, e′) the
complex isomorphic to P •(e, e′) obtained by substituting P
λf−−→ P for any direct
summand P
f−→ P of P •(e, e′). The orbit Oe(X) of X in Pb(A, e) is locally closed.
By definition, Oe(X) = Oe(X)
⋂
Ue for some open subset Ue in Pb(A, e). It is
clear that the set S(e, e′) := {X• ⊕ P •λ (e, e′) | X• ∈ Ue, λ ∈ C∗} is an open subset
of Pb(A, e′). Set Ue′ :=
⊔
g∈G
e
′
g.S(e, e′). It is an open subset of Pb(A, e′). Then
Oe′(Xe′) = Oe′(Xe′)
⋂
Ue′ . Then by definition, O(X) is equal to
lim−→
d(e′)∈dim−1(d)
Oe′(Xe′) = lim−→
d(e′)∈dim−1(d)
Oe′(Xe′)
⋂
Ue′ = O(X)
⋂
lim−→
d(e′)∈dim−1(d)
Ue′ .
By the definition of the fine topology on Pb(A,d), lim−→d(e′)∈dim−1(d) Ue′ is an open
subset of Pb(A,d). We finish the proof. 
We recall the following property which is proved in [JSZ]: A complex P (x) corre-
sponding to x ∈ Pb(A, e) is partial tilting complex if HomKb(A)(P (x), P (x)[1]) = 0.
Then Oe(x) = {y ∈ Pb(A, e)|y ∼ x} is open in Pb(A, e). Furthermore, the orbit
O(x) in Pb(A,d) is also open if the corresponding complex P (x) is a partial tilting
complex.
Proposition 3.3. Any point in QPb(A,d) is not closed, that is, any orbit is not
closed in Pb(A,d).
Proof. Take any projective A-module P and t ∈ C, we define the complex C(t) =
(Pi, ∂i)i∈Z by P0 = P1 = P and other Pi = 0 for i 6= 0, 1; ∂0 = t and other
∂i = 0 for i 6= 0.
If t 6= 0, then C(t) is contractible but C(0) is not quasi-isomorphic to zero.
Moreover, C(1) 6top C(0). Similarly, For any x ∈ Pb(A,d), P (x) is the corre-
sponding complex, P (x)
⊕
C(1) 6top P (x)
⊕
C(0), i.e.the point corresponding to
P (x)
⊕
C(0) is in the closure of the point corresponding to P (x)
⊕
C(1)(it is quasi
isomorphic to P (x)), but not in its orbit. This shows the orbit of x is not closed. 
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By this proposition, we can construct an infinite sequence of non-trivial degen-
erations:
P (x) 6top P (x)
⊕
C(0) 6top P (x)
⊕
C(0)
⊕
C(0) 6 · · ·
3.2. The na¨ıve Euler characteristic. Let X be a algebraic variety over C. We
denote by M(X) the set of all constructible functions on algebraic variety X with
values in C. The set M(X) is naturally a C-linear space. Let G be an algebraic
group acting on X. Then we denote by MG(X) the subspace of M(X) consisting
of all G-invariant functions.
Let χ denote Euler characteristic in compactly-supported cohomology. Let X be
an algebraic variety and O a constructible subset as the disjoint union of finitely
many locally closed subsets Xi for i = 1, · · · ,m. Define χ(O) =
∑m
i=1 χ(Xi). We
note that it is well-defined. We will use the following properties:
Proposition 3.4 ([Di],[Rie] and [Jo1]). Let X,Y be algebraic varieties over C.
Then
(1) If the algebraic varietyX is the disjoint union of finitely many constructible
sets X1, · · · , Xr, then
χ(X) =
r∑
i=1
χ(Xi).
(2) If ϕ : X −→ Y is a morphism with the property that all fibers have the
same Euler characteristic χ, then χ(X) = χ · χ(Y ). In particular, if ϕ
is a locally trivial fibration in the analytic topology with fibre F, then
χ(X) = χ(F ) · χ(Y ).
(3) χ(Cn) = 1 and χ(Pn) = n+ 1 for all n ≥ 0.
We recall the definition of pushforward functor from the category of algebraic
varieties over C to the category of Q-vector spaces.
Let φ : X → Y be a morphism of varieties. For f ∈M(X) and y ∈ Y, define
φ∗(f)(y) =
∑
c∈Q
cχ(f−1(c) ∩ φ−1(y)).
Theorem 3.5 ([Di],[Jo1]). Let X,Y and Z be algebraic varieties over C, φ : X →
Y and ψ : Y → Z be morphisms of varieties, and f ∈ M(X). Then φ∗(f) is
constructible, φ∗ :M(X)→M(Y ) is a Q-linear map and (ψ ◦ φ)∗ = (ψ)∗ ◦ (φ)∗ as
Q-linear maps from M(X) to M(Z).
In order to deal with orbit spaces, we need to consider geometric quotients.
Definition 3.6. Let G be an algebraic group acting on a variety X and φ : X → Y
be a G-invariant morphism, i.e. a morphism constant on orbits. The pair (Y, φ)
is called a geometric quotient if φ is open and for any open subset U of Y , the
associated comorphism identifies the ring OY (U) of regular functions on U with
the ring OX(φ−1(U))G of G-invariant regular functions on φ−1(U).
The following result due to Rosenlicht [Ro] is essential to us.
Lemma 3.7. Let X be a G-variety, then there exists a open and dense G-stable
subset which has a geometric G-quotient.
16 JIE XIAO, FAN XU AND GUANGLIAN ZHANG
By this Lemma, we can construct a finite stratification over X. Let U1 be an
open and dense G-stable subset of X as in Lemma 3.8. Then we have a geometric
φU1 : U1 → Y1. Since dim C(X−U1) < dim CX, we can use the above lemma again,
there exists a dense open G-stable subset U2 of X − U1 which has a geometric G-
quotient φU2 : U2 → Y2. Inductively, we get a finite stratificationX = ∪li=1Ui where
Ui is a G-invariant locally closed subset and has a geometric quotient φUi : Ui → Yi
for i = 1, · · · , l with l ≤ dim CX. Depending on this stratification, we define the
na¨ıve Euler characteristic of the orbit space of X under the group action of G as
follows:
χna(X/G) := χna([X/G](C)) = χ(
l∐
i=1
Yi) =
l∑
i=1
χ(φUi(Ui))
where [X/G] is the quotient stack with the set of C-points [X/G](C) and [X/G](C)
is pseudoisomorphic to
∐l
i=1 Yi (see [Jo1, Section 4] for the definition of pseudo-
morphism). For simplicity, we substitute χ for χna in the following. Indeed, when
G = id, then the na¨ıve Euler characteristic is just the Euler characteristic. So
the overlapping notation should not cause any confusion. It is well-defined by the
following observation.
Let [X/G](C) be the set of C-points. A subset C ⊆ [X/G](C) is constructible if
C =
⋃
i∈I Fi(C) where {Fi | i ∈ I} is a finite set of algebraic C− substacks of finite
type of [X/G] (see [Jo1, Definition 4.1]).
Lemma 3.8. Let X be a G-variety. If [X/G](C) is the disjoint union of finitely
many constructible subsets Z1, · · · , Zr, then χ(X/G) =
∑r
i=1 χ(Zi).
Proof. By the above construction, there is a pseudoisomorphism Φ between [X/G](C)
and Y :=
∐l
i=1 Yi. For i = 1, · · · , r, Φ(Zi) is a constructible subset of Y and
Y =
⊔r
i=1Φ(Zi). Then by the definition of the naive Euler characteristic and
Proposition 3.4, we deduce χ(X/G) =
∑r
i=1 χ(Zi). 
LetX and Y be two complex algebraic varieties under the actions of the algebraic
groups G and H , respectively. Let φ : [X/G] → [Y/H ] be a 1-morphism. Then it
induces a natural pseudomorphism φ∗ : [X/G](C) → [Y/H ](C) [Jo1, Proposition
4.6]. In the same way as the proof of Lemma 3.8, we obtain the following result.
Lemma 3.9. If φ∗ is surjective and all fibres of φ∗ have the same naive Euler
characteristic χ, then we have
χ(X/G) = χ(Y/H) · χ.
We introduce the following notation. Let X be a variety under the action of an
algebraic group G. Let f be a G-invariant constructible function over X. We define∫
x∈[X/G](C)
f(x) :=
∑
c∈C
χ(f−1(c)/G)c.
3.3. Let d1,d2 be two dimension vector in K0. For any two subsets O1 and O2 of
Pb(A,d1) and Pb(A,d2) respectively, we define the subset O1∗O2 of Pb(A,d1+d2)
to be the set of z ∈ Pb(A,d1 + d2) such that there exists a triangle
P (y) −→ P (z) −→ P (x) −→ P (x)[1]
in Db(A) where x ∈ O1 and y ∈ O2. By the octahedral axiom, we have (O1 ∗ O2) ∗
O3 = O1 ∗ (O2 ∗ O3). Inductively, we can define O1 ∗ O2 ∗ · · · ∗ Os for all s > 1.
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A subset O of Pb(A,d) is called a support-bounded constructible subset if there
exists a constructible subset Oe of Pb(A, e) for some d(e) ∈ dim−1(d) such that
O = Gd.te(Oe) where te : Pb(A, e)→ Pb(A,d) is canonical. Let d(e′) ∈ dim−1(d)
and e ≤ e′. We set Oe′ := Ge′ .tee′(Oe). Then we have
O = lim−→
d(e′)∈dim−1(d)
Oe′ .
The following proposition shows the property of support-bounded is invariant
under derived equivalence.
Proposition 3.10. If two algebras A and B are derived equivalent, then this
equivalent functor F induces the map f as in Theorem B sending constructible sets
of support bounded in Pb(A) to constructible sets of support bounded in Pb(B).
Proof. By Theorem B, the equivalent functor F : Db(A) → Db(B) induces the
following commutative diagram:
(3.1)
Pb(A,d) f−−−−→ Pb(B,d′)
πA
y πBy
QPb(A,d) f¯−−−−→ QPb(B,d′)
where f is a morphism of varieties and f¯ is a homeomorphism of quotient spaces.
Let O be a support-bounded constructible subset of Pb(A,d). Then O = Gd.Oe
for some projective dimension sequence e by definition. We have f(Oe) is a con-
structible subset of Pb(B, e′) for some projective dimension sequence e′. Since F
is a derived equivalence, f(O) is Gd′-invariant. On the other hand, due to the
commutativity of the diagram,
f(O) = π−1B fπA(O) = π−1B fπA(Oe) = Gd′ .f(Oe).

Definition 3.11. Let d be a dimension vector in K0 (K0(Db(A))) and O be a
support-bounded constructible subset of Pb(A,d). Then we denote by 1ˆO the C-
value function over Pb(A,d) given by taking values 1 on each point in O and 0
otherwise. A function fˆ on Pb(A,d) is called a Gd-invariant constructible function
if fˆ can be written as a sum of finite terms
∑
imi1ˆOi where mi ∈ C and Oi
is a support-bounded constructible subset of Pb(A,d). The set of Gd-invariant
constructible functions over Pb(A,d) is denoted by M(Pb(A,d)).
Let e ∈ dim−1(d) andM(Pb(A, e)) be the C-space of Ge-invariant constructible
functions over Pb(A, e). For any e′ ∈ dim−1(d) and e′ ≥ e, there is a natural linear
map re′e : M(Pb(A, e′))→ M(Pb(A, e)) sending a function fˆ to tee′ ◦ fˆ . Then we
obtain an inverse system.
Proposition 3.12. With the notations in Definition 3.11, we have
M(Pb(A,d)) = lim←−
d(e)∈dim−1(d)
M(Pb(A, e)).
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3.4. Convolution. Let d′,d′′be two dimension vectors in K0 and e
′, e′′ be two
projective dimension vectors satisfying d(e′) ∈ dim−1(d′),d(e′′) ∈ dim−1(d′′). The
following two lemmas is easy corollaries of 4.1.13 in [GM].
Lemma 3.13. If there is a distinguished triangle: X•
f
// L•
g
// Y •
h
// X•[1]
for X• ∈ Pb(A, e′′), Y • ∈ Pb(A, e′), and L• ∈ Pb(A, e′ + e′′), then it induces an
exact sequence of chain complex:
0 // X• // L• // Y • // 0
Lemma 3.14. Let X• ∈ Pb(A, e′′), Y • ∈ Pb(A, e′) and the exact sequence:
0 // Xi
li // Li
πi // Yi // 0
hold for all i-th terms of X•, Y • and L• respectively, where li are the canonical
injections and πi the canonical projections. Define the set {∂L} to be the set of
sequences (∂Li )i such that L
• = (Xi ⊕ Yi, ∂Li )i becomes a complex and induces the
exact sequence of complexes
0 // X• // L• // Y • // 0 .
Then we have the canonical isomorphism {∂L} ∼= HomCb(A)(Y •[−1], X•).
Let O1 ⊂ Pb(A, e′′) and O2 ⊂ Pb(A, e′) be Ge′′ - and Ge′ -invariant constructible
set, respectively. Put
L(O1,O2) = {Cone(h) | h ∈ HomKb(P(A))(O1[−1],O2)}.
For L ∈ Pb(A, e′ + e′′), we set
We′e′′(O1,O2;L) = {(f, g, h) | Y f // L g // X h // Y [1] is a distinguished triangle ,
with X ∈ O1, Y ∈ O2}
We′e′′(O1,O2) = {(L, (f, g, h)) | L ∈ Pb(A, e′ + e′′), (f, g, h) ∈We′e′′(O1,O2;L)}
and
HomKb(P(A))(O1[−1],O2) = {(Y,X, h) | X ∈ O1, Y ∈ O2, h ∈ HomKb(P(A))(X [−1], Y )}.
We introduce the action ofGe′′×Ge′ onWe′e′′(O1,O2) and HomKb(P(A))(O1[−1],O2)
as follows:
For (a, c) ∈ Ge′′ ×Ge′ ,
(a, c) ◦ (L, (f, g, h)) = (L, (fc−1, ag, (c[1])ha)),
(a, c) ◦ (h) = ch(a[−1])−1.
The action of Ge′′ × Ge′ on We′e′′(O1,O2) naturally induces the action on
We′e′′(O1,O2;L). We consider the na¨ıve Euler characteristic of quotient space
We′e′′(O1,O2;L)/Ge′′ ×Ge′ and have the following result.
Proposition 3.15. Let O1,O2 be as above. Then the set
{χ(We′e′′(O1,O2;L)/Ge′′ ×Ge′) | L ∈ Pb(A, e′ + e′′)}
is a finite set.
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Proof. Consider the quotient stack [We′e′′(O1,O2)/Ge′′ × Ge′ ] of We′e′′(O1,O2)
under the action of Ge′′×Ge′ . As in Section 3.2, there exists a pseudoisomorphism Φ
between [We′e′′(O1,O2)/Ge′′ ×Ge′ ](C) and some variety Y. The natural projection
π : We′e′′(O1,O2) → Pb(A, e′ + e′′) and Φ−1 combines to give a pseudomorphism
Ψ : Y → Pb(A, e′+e′′). It is a morphism of varieties [Jo1, Section 3.4]. By Theorem
3.5, π∗(1Y ) is constructible. By the defintion of pushforward functor, it means that
the set
{χ(Ψ−1(L)) | L ∈ Pb(A, e′ + e′′)}
is a finite set. Therefore the set {χ(We′e′′(O1,O2;L)/Ge′′ ×Ge′) | L ∈ Pb(A, e′ +
e′′)} is finite. 
Definition 3.16. Let O1 ⊂ Pb(A, e′′) and O2 ⊂ Pb(A, e′) be Ge′′ - and Ge′ -
invariant constructible sets, respectively. The convolution multiplication 1O1∗1O2 ∈
M(Pb(A, e′ + e′′)) is defined as follows:
1O1 ∗ 1O2(L) = χ(We′e′′(O1,O2;L)/Ge′′ ×Ge′)
for L ∈ Pb(A, e′ + e′′). We set V (O1,O2) := [We′e′′(O1,O2)/Ge′′ × Ge′ ] and
Ve′e′′(O1,O2;L) := [We′e′′(O1,O2;L)/Ge′′×Ge′ ].Write FLO1,O2 = χ(Ve′e′′(O1,O2;L))
.
Obviously 1O1 ∗ 1O2 is again Ge′+e′′ -invariant. In this way, the proof of Propo-
sition 3.15 implies
Corollary 3.17. If f ∈M(Pb(A, e′′)) and g ∈M(Pb(A, e′)), then the convolution
f ∗ g ∈M(Pb(A, e′ + e′′)) is well-defined.
The above discussion can be extended to Pb(A,d). Assume that e′ ∈ dim−1(d′)
and e′′ ∈ dim−1(d′′). Put O = Gd′′ .te′′(O1) and O′ = Gd′ .te′(O2). Let e′0 ≥ e′
and e′′0 ≥ e′′ be in dim−1(d′) and dim−1(d′′), respectively. Then te′e′0 and te′′e′′0
naturally induces a map te′e′0,e′′e′′0 : We′e′′(O1,O2) → We′0e′′0 (O1e′′0 ,O2e′0) whereO1e′0 = Ge′0 .te′e′0(O1) and O2e′′0 = Ge′′0 .te′′e′′0 (O2). Then we obtain a direct system
and set
W (O,O′) = lim−→We′0e′′0 (O1e′′0 ,O2e′0).
For any L ∈ Pb(A,d′ + d′′), we set Le := t−1e (L) ∈ Pb(A, e) (perhaps it does not
exist!). Then we define
W (O,O′;L) = lim−→We′0e′′0 (O1e′′0 ,O2e′0 ;Le′0+e′′0 ).
There are natural actions of Gd′′ × Gd′ on W (O,O′;L) and W (O,O′). The or-
bit spaces are denoted by V (O,O′;L) and V (O,O′), respectively. We note that
V (O,O′;L) = Ve′e′′(O1,O2;Le′+e′′).
Definition 3.18. Let O1 and O2 be two support-bounded constructible subsets of
Pb(A,d′′) and Pb(A,d′), respectively. Then we define
1ˆO1 ∗ 1ˆO2(L) = χ(V (O1,O2;L))
for L ∈ Pb(A,d′ + d′′) and set FLO1,O2 = χ(V (O1,O2;L)).
As Corollary 3.17, we have
Proposition 3.19. If fˆ ∈ M(Pb(A,d′′)) and gˆ ∈ M(Pb(A,d′)), then fˆ ∗ gˆ ∈
M(Pb(A,d′ + d′′)) is well-defined.
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Let fˆ ∈M(Pb(A,d′′)) and gˆ ∈M(Pb(A,d′)). Then
(fˆ ∗ gˆ)(x) =
∫
U
fˆ(x′)gˆ(x′′) :=
∑
c,d∈C
χ(V (f−1(c), g−1(d);x)cd.
where U = V (supp (f), supp (g);x).
Remark 3.20. The definition 3.18 does not supply an associative multiplication
in general. In [T], the author define an associative multiplication for the derived
category Db(A) over a finite field. However, it is not known how to make an analogy
of this associative multiplication over C.
4. The Relative homotopy category of m-cycle complexes
Let A be finite dimensional and finite global dimensional associative algebra
over C and m be a positive even number. We will recall some results in [PX2]
for the relative homotopy category of m-cycle complexes over A and define their
geometrization.
4.1. A m-cycle complex over A is by definition a complex X• = (Xi, ∂i) satisfying
Xi = Xj and ∂i = ∂j for all i, j ∈ Z with i ≡ j(mod m). If X• and Y • are two
m-cycle complexes, a morphism f• : X• → Y • is a morphism of complexes such
that fi = fj for all i, j ∈ Z with i ≡ j(mod m). Hence, all m-cycle complexes
constitute an abelian subcategory of C(A), denoted by Cm(A).We also denote the
subcategory of Cm(A) consisting of m-cycle complex whose term is projective A-
module by Pm(A).
Let f•, g• : X• → Y • be two morphisms of m-cycle complexes. A relative
homotopy s• from f• to g• is a homotopy map of complex such that si = sj for all
i, j ∈ Z with i ≡ j(mod m). Under this condition, f• and g• are said to be relatively
homotopic. Hence, we can form an additive and homotopy category Km(A). We
use this notation though it usually is not a subcategory of K(A). We also denote
P(A) ∩ Cm(A) and K(P(A)) ∩ Km(A) by Pm(A) and Km(P(A)).
We define a functor CF : Cb(A) → Cm(A) as follows. For X• = (Xi, ∂Xi ) ∈
Cb(A), set FX• = ((FX•)i, ∂FXi ) where (FX•)i = ⊕Xi+tm and ∂FXi = (∂Xi,s,t)s,t∈Z
such that ∂Xi,s,t : Xi+sm → Xi+1+tm with ∂Xi,s,t = 0 for s 6= t and ∂Xi,s,t = ∂Xi . CF
induces a functor F : Kb(P(A))→ Km(P(A)).
Theorem 4.1. Km(P(A)) is a triangulated category with the shift functor defined
for complex category and the functor F : Kb(P(A))→ Km(P(A)) is exact.
For the natural functors:
Kb(P(A))→ Kb(A)→ Db(A)
the functors F induce the following commutative diagram
Kb(P(A))
F

// Kb(A)
F

// Db(A)
F

Km(P(A)) // Km(A) // Dm(A)
whereDm(A) is them-periodic derived category of modA. It is known thatKm(P(A))
is a triangulated full subcategory of Km(A)). Therefore we can regard Km(P(A))
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as a triangulated full subcategory of Dm(A). We consider the triangulated full sub-
category Rm(A) of Dm(A) (also of Km(P(A))) generated by the full subcategory
F (Kb(P(A)) (also by Kb(A)). In general, the functor F is not dense. If A is
hereditary, then Rm(A) = Km(A). When m = 2 we call R2(A) the root category of
modA. By the way, the Galois group associated with F is the cyclic group generated
by Tm.
4.2. A complex C• of A-modules is called period-2 (or 2-periodic) complex if it
satisfies C•[2] = C•. We can simply write the sequence of dimension vector of C•
as d(C•) = (d(C0), d(C1)). For a sequence of dimension vectors d = (d0, d1) , we
define C2(A,d) to be the subset of
Ed0(Q,R)× Ed1(Q,R)×HomC(V d0 , V d1)×HomC(V d1 , V d0)
which consists of elements x = (x0, x1, ∂0, ∂1), where x
i ∈ Edi(Q,R) and M(xi)
are the corresponding A-modules on the space V di for i = 0, 1 respectively; and
∂0 ∈ HomC(V d0 , V d1) is a A-module homomorphism from M(x0) to M(x1),∂1 ∈
HomC(V
d1 , V d0) is a A-module homomorphism from M(x1) to M(x0) with the
property ∂1∂0 = 0 and ∂0∂1 = 0. As in [LP], a 2-periodic complex C
• can be
written as
C0
∂0 //
C1
∂1
oo
with ∂0∂1 = ∂1∂0 = 0.
The group Gd(Q) = GLd0(Q) × GLd1(Q) acts on C2(A,d) via the conjugation
action
(gi)i(xi, ∂i)i = ((xi)
gi , gi−1∂ig
−1
i )i
where the action (xi)
gi was defined as in Section 1.1. For x ∈ C2(A,d), we denote its
corresponding complex byM•(x). Therefore the orbits under the action correspond
bijectively to the isomorphism classes of complexes of period-2 A-modules.
Giving the complete set P1, P2, · · · , Pl of indecomposable projective A-modules
as in Section 1. Let P • = (P 0, P 1, ∂0, ∂1) be a period-2 complex where P
0 ∼=
⊕lj=1e0jPj and P 1 ∼= ⊕lj=1e1jPj . Let e(P i) = (eij) for i = 0, 1. Then e = (e(P 0), e(P 1))
is the projective dimension sequence of P •. Write d(e) = (dimP 0, dimP 1). We de-
fine P2(A, e) to be the subset of C2(A,d(e)) consisting of elements x = (x0, x1, ∂0, ∂1),
where (Cdi , xi) ∼= P i for i = 0, 1.
The algebraic group Gd(e)(Q,R) acts on P2(A, e) by
(gi)i(∂i)i = (gi−1∂ig
−1
i )i.
For x ∈ P2(A, e), we denote the corresponding complex in P2(A) by P •(x).
4.3. A complex X• = (Xi, ∂i)i ∈ P2(A) is called contractible if the induced ho-
mological groups Hi(X
•) = ker ∂i+1/Im∂i = 0 for all i = 0, 1. It is easy to see that
any contractible projective complex is isomorphic to a direct sum of shifted copies
of complexes of the form
(4.1) . . .
f−−−−→ P 0−−−−→ P f−−−−→ P 0−−−−→ P f−−−−→ . . .
with P a projective A-module and f an automorphism. We call an element x ∈
P2(A, e) contractible if the corresponding projective complex is contractible. As in
Section 2.3, we can prove the 2-periodic versions for Lemma 2.2, Lemma 2.3 and
Lemma 2.4. Any complex in P2(A) is isomorphic to the direct sum of minimal
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period-2 projective complex and a contractible projective complex. Hence, we can
define a direct system {(P2(A, e), tee′) | e, e′ ∈ dim−1(d), e ≤ e′} for any d ∈ K0
where K0 is the Grothendieck group of the category K2(P(A)). We note that all
triangulated categories K2(A), K2(P(A)), D2(A), Kb(P(A)) and Db(A) have the
same Grothendieck groups. Then we define
P2(A,d) := lim−→
e∈dim−1(d)
P2(A, e) and Gd = lim−→
e∈dim−1(d)
Gd(e).
We also have the quotient space
QP2(A,d) = P2(A,d)/ ∼,
where x ∼ y in P2(A,d) if and only if the corresponding projective complexes
P •(x) and P •(y) are quasi-isomorphic, i.e., they are isomorphic in K2(P(A)). We
denote by QP2(A, e) and Q1P2(A,d) the orbit spaces of P2(A, e) and P2(A,d)
under the actions of Gd(e) and Gd, respectively. As Proposition 2.1, we have the
follow analogy.
Proposition 4.2. With the above notations, we have
QP2(A,d) = Q1P2(A,d) = lim−→
d(e)∈dim−1(d)
QP2(A, e).
4.4. We can define the 2-periodic versions of all notations in Section 3.4 by substi-
tuting P2(A, e) and P2(A,d) for Pb(A, e) and Pb(A,d), respectively. For d ∈ K0
and e ∈ dim−1(d), let O ⊆ P2(A, e) be a Ge-invariant constructible subset. Then
Gd.O be a support-bounded constructible subset. We denote by 1ˆO the C-value
function over Pb(A,d) given by taking values 1 on each point in O and 0 otherwise.
A function fˆ on P2(A,d) is called a Gd-invariant constructible function if fˆ can
be written as a sum of finite terms
∑
imi1ˆOi where mi ∈ C and Oi is a support-
bounded constructible subset of P2(A,d). We denote by M(P2(A,d)) the set of
Gd-invariant constructible functions.
Definition 4.3. Let O1 and O2 be two support-bounded constructible subsets of
P2(A,d′′) and P2(A,d′), respectively. Then we define
1ˆO1 ∗ 1ˆO2(L) = χ(V (O1,O2;L))
and set FLO1,O2 = χ(V (O1,O2;L)) for L ∈ P2(A,d′ + d′′) where V (O1,O2;L) is a
2-periodic analogue of V (O1,O2;L) defined in Section 3.4.
As Corollary 3.17, we have
Proposition 4.4. If fˆ ∈ M(P2(A,d′′)) and gˆ ∈ M(P2(A,d′)), then fˆ ∗ gˆ ∈
M(P2(A,d′ + d′′)) is well-defined.
Let fˆ ∈M(P2(A,d′′)) and gˆ ∈M(P2(A,d′)). Then
(fˆ ∗ gˆ)(x) =
∫
U
fˆ(x′)gˆ(x′′) :=
∑
c,d∈C
χ(V (f−1(c), g−1(d);x)cd.
where U = V (supp (f), supp (g);x).
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5. Realization of Lie algebras
Let d1,d2 and d be inK0 and O1 ∈ P2(A,d1), O2 ∈ P2(A,d2) and O ∈ P2(A,d)
be support-bounded constructible sets. Then O1 = Gd1 .Oe′′ ,O2 = Gd2 .Oe′ and
O = Gd.Oe for projective dimension sequences e′′, e′ and e.
A constructible set O is called indecomposable if all points in O correspond to
indecomposable objects in K2(P(A)).
5.1. Let L = L(O1,O2)
= {L ∈ K2(P(A)) | there exists triangle Y → L→ X → Y [1] withX ∈ O1, Y ∈ O2}
Then L is a support-bounded constructible set in P2(A,d) and L = Gd.Le′+e′′ for
some constructible subset Le′+e′′ in P2(A, e′ + e′′). We will consider the following
quotient stacks.
(a) Let W (Oe′′ ,Oe′ ,Le′+e′′) :=
⋃
L∈L
e
′+e′′
W (Oe′′ ,Oe′ , L). The action of Ge′′ ×
Ge′ on W (Oe′′ ,Oe′ ,Le′+e′′) is defined as in Section 3.4. For (a, c) ∈ Ge′′ × Ge′ ,
(L, (f, g, h)) ∈ W (Oe′′ ,Oe′ ;Le′+e′′), define
(a, c) ◦ (L, (f, g, h)) = (L, (fc−1, ag, (c[1])ha−1)).
The quotient stack is V (Oe′′ ,Oe′ ;Le′′+e′) := [W (Oe′′ ,Oe′ ;Le′′+e′)/Ge′′ ×Ge′ ]. We
denote by (L, (f, g, h)∧) the geometric point in V (Oe′′ ,Oe′ ;Le′′+e′) corresponding
to (L, (f, g, h)).Moreover, up to 1-isomorphism, the quotient stack is independent of
the choice e′′ and e′ as in Section 3.4. Hence, we also denote it by V (O1,O2;L) :=
V (O1e′′ ,O2e′ ;Le′′+e′) and set FLO1O2 = χ(V (O1,O2;L)).
(b) Let M ∈ P2(e′′ + e′ + e) and
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
:=
⋃
L∈L
e
′′+e′
W (Oe′′ ,Oe′ ;L)×W (L,Oe;M).
Consider the action of Ge′′ ×Ge′+e′′ ×Ge′ ×Ge. For (a, b, c, d) ∈ Ge′′ ×Ge′+e′′ ×
Ge′ ×Ge and (L, (f, g, h), (l,m, n)) ∈WLe′′+e′M(O
e
′′O
e
′ )Oe
, define
(a, b, c, d)◦(L, (f, g, h), (l,m, n)) = (L′, (bfc−1, agb−1, c[1]ha−1), (ld−1, bm, d[1]nb−1)).
The quotient stack is denoted by (W
L
e
′′+e′M
(O
e
′′O
e
′ )Oe
)∧. We denote by
(L, (f, g, h), (l,m, n))∧ = {(b(L), (bfc−1, agb−1, c[1]ha−1), (ld−1, bm, d[1]nb−1)) |
(a, b, c, d) ∈ Ge′′ ×Ge′+e′′ ×Ge′ ×Ge}
the geometric point corresponding to (L, (f, g, h), (l,m, n)). The quotient stack is
also independent of the choices of e′′, e′ and e. Depending on the discussion in
Section 3.4, we can denote it by (WLM(O1O2)O)
∧ and set χLM(O1O2)O = χ((W
LM
(O1O2)O
)∧).
Dually, let
W
ML′
e+e′
O
e
′′ (O
e
′Oe)
:=
⋃
L′∈L′
e+e′
W (Oe,Oe′ ;L′)×W (Oe′′ , L′;M).
There is also an action of Ge′′ × Ge′+e′′ × Ge′ × Ge as above. For (a, b′, c, d) ∈
Ge′′ ×Ge′+e′′ ×Ge′ ×Ge and (L′, (f ′, g′, h′), (l′,m′, n′)) ∈ WML
′
e+e′
O
e
′′ (O
e
′Oe)
, define
(a, b′, c, d) ◦ (L′, (f ′, g′, h′), (l,m, n))
= (L′′, (b′l′d−1, cm′b′−1, (d[1])n′c−1), (f ′b′−1, ag′, (b′[1])h′a−1)).
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The quotient stack is denoted by (W
ML′
e+e′
O
e
′′ (O
e
′Oe)
)∧. We denote by
(L′, (f ′, g′, h′), (l′,m′, n′))∧
the geometric point corresponding to (L′, (f ′, g′, h′), (l′,m′, n′)). The quotient stack
is also independent of the choices of e′′, e′ and e.Depending on the discussion in Sec-
tion 3.4, we can denote it by (W
ML′
e+e′
O
e
′′ (O
e
′Oe)
)∧ and set χML
′
O1(O2O)
= χ((W
ML′
e+e′
O
e
′′ (O
e
′Oe)
)∧).
(c) The group Ge acts on W (Le′′+e′ ,Oe;M) as follows. For any d ∈ Ge,
(l,m, n) ∈ W (Le′′+e′ ,Oe;M),
d ◦ (l,m, n) = (ld−1,m, d[1]n)
The quotient stack is denoted by W (Le′′+e′ ,Oe;M)∗. It is independent of the
choice of e. Then we can also write W (Le′′+e′ ,O;M)∗. We denote by (l,m, n)∗ =
{ld−1,m, d[1]n) | d ∈ Ge} the geometric point corresponding to (l,m, n).
5.2. Let K0 be the Grothendieck group of K2(P(A)). Write h ≃ K0 ⊗Z C, which
is spanned by {hd | d ∈ K0} subject to the relation: hd = hd1 +hd2 if d = d1+d2
in K0. For O ⊂ P2(A,d), we write hO := hd. The symmetric Euler bilinear form
on h is given as
(hd1 |hd2) = dim CHom(X,Y )− dim CHom(X,Y [1])
+dim CHom(Y,X)− dim CHom(Y,X [1])
for any X ∈ P2(A,d1), Y ∈ P2(A,d2). It is well-defined.
LetM(P2(A,d)) is the space ofGd-invariant constructible functions overP2(A,d).
A function fˆ ∈ M(P2(A,d)) is called indecomposable if any point in supp(f) is
indecomposable in K2(P(A)). Let IGT (d) be the C-space of all indecomposable
Gd-invariant functions in M(P2(A,d)). We set
n =
⊕
d∈K0
IGT (d)
and
g = h⊕ n.
We define the Lie bracket operation on g = h⊕ n by the following formulae:
[1ˆO1, 1ˆO2 ] = [1ˆO1, 1ˆO2 ]n + χ(O1 ∩ O2[1])hd1
where O1 ∩ O2[1] = (Oe′′ ∩ Oe′ [1])/Ge′′ and [1ˆO1 , 1ˆO2 ]n(L) := FLO1O2 − FLO2O1 ,
[hd1 , 1ˆO2 ] := (hd1 | hd2)1ˆO2 , [1ˆO2 , hd1 ] = −(hd1 | hd2)1ˆO2 ,
[hd1 , hd2 ] := 0.
For fˆ ∈ IGT (d1) and gˆ ∈ IGT (d2), we can write the formulae in the following
integral form:
[fˆ , gˆ]n(x) =
∫
V (supp (f),supp (g);x)
f(x′)g(x′′)−
∫
V (supp (g),supp (f);x)
g(x′)f(x′′)
[fˆ , hd] =
∫
supp (f)
f(x)(hd1 |hd)1ˆf−1(f(x)).
We will prove the following two of the main theorems in this paper.
Theorem C Under the Lie bracket [−,−] defined as above, g = h ⊕ n is a Lie
algebra over C.
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Theorem D There exists a symmetric bilinear form (−|−) defined on g satisfying
that
(a) (− | −) is invariant in the following sense:
(i) ([hd, 1ˆO1] | 1ˆO2) = (hd | [1ˆO1 , 1ˆO2 ]);
(ii) ([1ˆO1 , 1ˆO2] | 1ˆO3) = (1ˆO1 | [1ˆO2 , 1ˆO3 ]).
(b) (− | −) |h is defined as above.
(c) (h | n) = 0.
(d) for any O1,O2 indecomposable
(1ˆO1 | 1ˆO2) = χ(O1 ∩ O2[1]).
(e) (−|−)|n×n is non-degenerated.
5.3. In this subsection, we compare the na¨ıve Euler characteristics of quotient
stacks induced by that defined in Section 5.1. We use the notations in Section 5.1.
For fixed L ∈ Le′′+e′ , we set
〈L〉 := {E ∈ Le′′+e′ | FEO1O2 = FLO1O2 , FEO2O1 = FLO2O1 and χLM(O1O2)O = χEM(O1O2)O}.
In the same way as the proof of Proposition 3.15, we know 〈L〉 is a constructible
subset of Le′′+e′ and there exists a finite subset R(e′′ + e′) of Le′′+e′ such that
Le′′+e′ =
⋃
L∈R(e′′+e′)
〈L〉.
Then by Lemma 3.8 and 3.9, we obtain the following result.
Lemma 5.1. With the above notations, we have
χLM(O1O2)O =
∑
L∈R(e′′+e′)
χLM(O1O2)O · χ(〈L〉/Ge′′+e′).
Dually, for fixed L′ ∈ Le+e′ , we set
〈L′〉∗ := {E ∈ Le+e′ | FEO2O = FL
′
O2O, F
E
OO2 = F
L′
OO2 and χ
ML′
O1(O2O)
= χMEO1(O2O)}.
Then there exists a finite subset R∗(e+ e′) of L′
e+e′ such that
L′
e+e′ =
⋃
L∈R(e+e′)
〈L′〉∗.
Lemma 5.2. With the above notations, we have
χML
′
O1(O2O)
=
∑
L′∈R∗(e+e′)
χML
′
(O1O2)O
· χ(〈L〉∗/Ge+e′).
Proposition 5.3. If O1,O2 are indecomposable, then
χLM(O1O2)O = χ
ML′
O1(O2O)
.
Our proof follows [PX3] and some improvements in [Hu].
Proof. First we construct a map:
W (O1e′′ ,O2e′ ;Le′′+e′)×W (Le′′+e′ ,Oe;M) τ−→W (O1e′′ ,L′e+e′ ;M)×W (O2e′ ,Oe;L′e+e′)
sending ((f, g, h), (l,m, n)) to ((f ′, g′, h′), (l′,m′, n′)) via the following commutative
diagram:
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(5.1) Z
l′

Z
l

L′
f ′
//
m′

M
g′
//
m

X
h′ // L′[1]
m′[1]

Y
f
//
n′

L
g
//
n

X
h // Y [1]
Z[1] Z[1]
where L′ is the direct summand of Cone((m, f)[−1]) such that the complement
is a contractible complex and L′ ∈ L′
e+e′ and we denote the natural embedding
i : L′ → Cone((m, f)[−1]). Hence f ′ = (0, 1, 0)T ◦ i and m′ = (0, 0, 1)T ◦ i, where
(0, 1, 0)T and (0, 0, 1)T are the natural projections:
Cone((m, f)[−1])→M ⊕ Y →M and Cone((m, f)[−1])→M ⊕ Y → Y.
Using the property of cone in the triangulated category, g′, h′, l′, n′ can be expressed
by the composition of f, g, h, l,m, n and some quasi-isomorphisms, by Lemma 2.1,
2.2 and 2.3, we deduce that these expressions are algebraic. Hence, τ is a morphism
of varieties.
Moreover, we claim that τ is invariant under group action. For (a, b, c, d) ∈ Ge′′×
Ge′ ×Ge, considering the pair ((f, g, h), (l,m, n)) = (a, b, c, d) ◦ ((f, g, h), (l,m, n)).
Y
c

f
// L
b

g
// X
a

h // Y [1]
c[1]

Y ∗
f
// L∗
g
// X∗
h // Y ∗[1]
Z
d

l // M
m // L
b

n // Z[1]
d[1]

Z∗
l // M
m // L∗
n // Z∗[1]
Using the similar construction as diagram (5.1), we again find some L′′ ∈ L′
e+e′
and a pair ((f
′
, g′, h
′
), (l
′
,m′, n′)) ∈ W (X∗, L′′;M)×W (Y ∗, Z∗;L′′) satisfying:
τ((f, g, h), (l,m, n)) = ((f
′
, g′, h
′
), (l
′
,m′, n′))
Following the construction of L′, there exists b′ such that the following diagram of
exact triangles commutes:
L′
(f ′ −m′)t
//
b′

M ⊕ Y (mf) //
( 1 c )

L
h′g
//
b

L′[1]
b′[1]

L′′
(f
′
−m′)t
// M ⊕ Y ∗ (mf) // L∗ h
′
g
// L′′[1]
It follows that b′ is an isomorphism, and b′ ∈ Ge+e′ .
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Similarly there exist a′ and c′ giving the following commutative diagram of exact
triangles:
L′
b′

f ′
// M
g′
// X
a′

h′ // L′[1]
b′[1]

L′′
f
′
// M
g′
// X∗
h
′
// L′′[1]
Z
d′

l′ // L′
b′

m′ // Y
c

n′ // Z[1]
d′[1]

Z∗
l
′
// L′
m′ // Y ∗
n′ // Z∗[1]
This shows ((f
′
, g′, h
′
), (l
′
,m′, n′)) = (a′, b′, c, d′)◦((f ′, g′, h′), (l′,m′, n′)) and so the
two pairs of exact triangles lie in the same orbit. Hence, The morphism τ induces
the following 1-morphism:
(W (O1,O2;L)×W (L,O;M))∧ τ
∧
// (W (O1,L′;M)×W (O2,O;L′))∧
Then we have a pseudomorphism
(W (O1,O2;L)×W (L,O;M))∧(C) (τ
∧)∗
// (W (O1,L′;M)×W (O2,O;L′))∧ (C).
Depending on the symmetry of the construction of L′ , we can construct the inverse
of (τ∧)∗. Therefore, (τ
∧)∗ is a pseudoisomorphism. The proof is completed. 
We introduce some notations. Let
W
L
e
′′+e′M
(O
e
′′O
e
′ )Oe
:=
⋃
L∈L
e
′′+e′
W (Oe′′ ,Oe′ ;L)×W (L,Oe;M)
and let c(L) = ((f, g, h)(l,m, n)) denotes the triangles as follows:
(5.2) Y
f−→ L g−→ X h−→ Y [1], Z l−→M m−→ L n−→ Z[1].
We define
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
(1) = {c(L) ∈ WLe′′+e′M(O
e
′′O
e
′)Oe
| L ≇M ⊕ Z[1] for any Z ∈ Oe},
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
(2) = {c(L) ∈ WLe′′+e′M(O
e
′′O
e
′)Oe
| L ∼=M ⊕ Z[1], L ≇ X ⊕ Y and X ≇ Y },
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
(3) = {c(L) ∈ WLe′′+e′M(O
e
′′O
e
′)Oe
| L ∼=M ⊕ Z[1], L ∼= X ⊕ Y and X ≇ Y },
and
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
(4) = {c(L) ∈ WLe′′+e′M(O
e
′′O
e
′)Oe
| L ∼=M ⊕ Z[1], L ∼= X ⊕ Y and X ∼= Y }.
It is clear that
W
L
e
′′+e′M
(O
e
′′O
e
′)Oe
=
4⋃
i=1
W
L
e
′′+e′M
(O
e
′′O
e
′ )Oe
(i).
The above partition induces the partitions of (WLM(O1O2)O)
∧. Hence,
χLM(O1O2)O =
4∑
i=1
χLM(O1O2)O(i)
where χLM(O1O2)O(i) = χ((W
LM
(O1O2)O
)∧(i)).
Define
V LM(O1O2)O =
⋃
L∈R(e′′+e′)
V (O1,O2;L)× V (〈L〉,O;M)
28 JIE XIAO, FAN XU AND GUANGLIAN ZHANG
Put 〈L〉0 = {E ∈ 〈L〉 | E ∼= M ⊕ Z[1] for some Z ∈ Oe} and 〈L〉1 = 〈L〉\〈L〉0.
Hence,
V LM(O1O2)O = V
LM
(O1O2)O
(0)
⋃
V LM(O1O2)O(1)
where V LM(O1O2)O(i) =
⋃
L∈R(e′′+e′) V (O1,O2;L)× V (〈L〉i,O;M) for i = 0, 1.
Lemma 5.4. For fixed M and L ∈ Le′′+e′ , we have
χ(V (O1,O2;L)× V (O, 〈L〉1;M)) = χ〈L〉1M(O1O2)O.
Proof. Consider the Ge′′+e′ -action
W (Oe, 〈L〉1;M)∗ → V (O, 〈L〉1;M)
For any (l,m, n)∗, the stable subgroup denoted by B(n) is isomorphic to the affine
space Hom(Z[1],M)n. Then we have a 1-morphism
p : (W
〈L〉1M
(O
e
′′O
e
′ )Oe
)∧ → V (O, 〈L〉1;M).
It induces the pseudomorphism
p∗ : (W
〈L〉1M
(O
e
′′O
e
′)Oe
)∧(C)→ V (O, 〈L〉1;M)(C).
For any (l,m, n)∧ ∈ V (O, 〈L〉1;M), the fibre p−1∗ (l,m, n) is pseudomorphic to
[V (O1e′′ ,O2e′ ;E)/B(n)](C) where E occurs in the triangle (l,m, n) as diagram
(5.2). Under the action ofB(n), the stable subgroup for any (f, g, h) ∈ V (O1e′′ ,O2e′ ; 〈L〉1)
is
{b ∈ B(n) | fa′ = bf for some a′ ∈ EndY }
which is the subspace of Hom(Z[1], L)n. By Proposition 3.4, Lemma 3.9 and 3.8,
according to the fact FEO1O2 = F
L
O1O2
for any E ∈ 〈L〉1, we have
χ(V (O1,O2;L)× V (O, 〈L〉1;M)) = χ〈L〉1M(O1O2)O.

The Lemma naturally induces the following Proposition.
Proposition 5.5. For fixed M, we have
χLM(O1O2)O(1) = V
LM
(O1O2)O
(1).
The following Lemma is a natural corollary of Proposition 3.4.
Lemma 5.6. Let X,Y ∈ P2(A) be two indecomposable objects, then
χ(HomP2(A)(X,Y )) = 1 and χ(AutP2(A)X) = 0.
Proposition 5.7. Let O1,O2,O be indecomposable as above.
(I) If L ∼= M ⊕ Z[1] for some Z ∈ O and L /∈ O1 ⊕ O2, then FLO1O2 = 0 and
χLM(O1O2)O(2) = χ
ML
O(O1O2)
(2).
(II) If X ∈ O1, Y ∈ O2 such that X ≇ Y , then χX⊕Y,X(XY )Y [1] = χY,X⊕YX[1](XY ) =
1, χX⊕Y,Y(XY )X[1] − 1 = χX,X⊕YY [1](XY ) − 1 = dimCHom(Y,X).
(III) If X is indecomposable, then χX⊕X,X(XX)X[1] = χ
X,X⊕X
X[1](XX). Hence, χ
LM
(O1O2)O
(4) =
χMLO(O1O2)(4).
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Proof. Let L ∈M ⊕O[1]. Then L ∼=M⊕Z[1] for some Z ∈ O. Define
φ : V (O1,O2;M ⊕ Z[1])→ ((W (O1,O2;M ⊕ Z[1])×W (M ⊕ Z[1], Z;M))∧
mapping (f, g, h)∧ to ((f, g, h), (0, (1, 0)t, (0, 1)))∧. It is a surjective morphism. The
group action W (M ⊕ Z[1], Z;M)∗ → V (M ⊕ Z[1], Z;M) has the stable subgroup
B(n). It is independent of n since V (M ⊕ Z[1], Z;M) has only one element. We
denote it by B. It is given as follows.
B = {b =
(
1 0
b1 b2
)
∈ End(M ⊕ Z[1]) | b1 ∈ Hom(Z[1],M), b2 ∈ AutZ[1]}
Then Stab.(f, g, h)∧ = {b ∈ B | fc = bf for some c ∈ AutY }.
For the case L /∈ O1
⊕O2, then
1− Stab.((f, g, h)∧) = {b′ =
(
0 0
b′1 b
′
2
)
| b′1 ∈ Hom(Z[1],M), b′2 ∈ radEndZ[1]
such that fc = b′f for some c ∈ EndY }
(see Section 7.3 of [PX3]). It is an affine space.
For any x ∈ ((W (O1,O2;M ⊕Z[1])×W (M ⊕Z[1], Z;M))∧, by Lemma 3.9 and
Lemma 5.4,
χ(φ−1(x)) = χ(B) = χ(Hom(Z[1],M)) · χ(AutZ[1]) = 0
and clearly FMM⊕Z[1],Z = 1. Therefore
F
M⊕Z[1]
O1O2
= χ(V (O1,O2;M ⊕ Z[1])) = 0.
The maps φ and ϕ induce a homeomorphism:
((W (O1,O2;M ⊕ Z[1])×W (Z,M ⊕ Z[1];M))∧
→ ((W (O1,O2;M ⊕ Z[1])×W (M ⊕ Z[1], Z;M))∧
Hence, χ
M⊕Z[1],M
(O1O2)Z
= χ
M,M⊕Z[1]
Z(O1O2)
. The statement (I) is proved. The statement (III)
can be proved by the similar discussion.
For the case L ∈ O1
⊕O2, then L ∼= X ⊕ Y for some X ∈ O1, Y ∈ O2 and
X ≇ Y. Every orbit in V (X,Y,X ⊕ Y ) is of the form as (
(
θ1
1
)
, (1, θ2), 0)
∧ such
that θ1, θ2 : Y → X, θ1 + θ2 = 0. So V (X,Y ;X ⊕ Y ) ∼= Hom(Y,X). This induces
the maps:
Hom(Y,X)→ (W (X,Y ;X ⊕ Y )×W (X ⊕ Y, Y [1];X))∧
and
Hom(Y,X)→ (W (X,Y ;X ⊕ Y )×W (X ⊕ Y,X [1];Y ))∧
The set (W (X,Y ;X ⊕ Y ) × W (X ⊕ Y, Y [1];X))∧ has unique element, implying
χX⊕Y,X(XY )Y [1] = 1. The natural action of group AutX on Hom(Y,X) is free except on
the point 0. It induces a homeomorphism:
(W (X,Y ;X ⊕ Y )×W (X ⊕ Y,X [1];Y ))∧ \ {0} ∼= (Hom(Y,X) \ {0})/AutX
So χX⊕Y,Y(XY )X[1] = 1+χ(Hom(Y,X)\{0}/AutX). As we know( see [Rie]), AutX is the
direct product of C∗ and the subgroup 1 + radEndX which is contractible. Hence,
χ(Hom(Y,X) \ {0}/AutX) = χ(Hom(Y,X) \ {0}/C∗) = χ(CPdimCHom(Y,X))
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= dimCHom(Y,X).
The statement (II) is proved. 
Lemma 5.8. If L is decomposable or 0, then FLO1O2 − FLO2O1 = 0.
Proof. If L is 0, it is trivial. If L is decomposable, we assume L = M ⊕ Z[1] with
Z indecomposable and M 6∼= 0. If L 6∼= X ⊕ Y for any X ∈ O1, Y ∈ O2, then by
Proposition 5.5, FLO1O2 = F
L
O1O2
= 0. Using this fact, we have:
FLO1O2 − FLO2O1 = (FM⊕Z[1]MZ[1] − FM⊕Z[1]Z[1]M )(1O1(M)1O2(Z[1])− 1O1(Z[1])1O2(M))
So we can assume that both M,Z[1] are indecomposable and M ≇ Z[1]. By
the proof of II of Proposition 5.7, F
M⊕Z[1]
MZ[1] = χ(Hom(Z[1],M)) = 1, F
M⊕Z[1]
Z[1]M =
χ(Hom(M,Z[1])) = 1. 
Corollary 5.9. For fixed M , we have
χ(V LM(O1O2)O(0))− χ(V LM(O2O1)O(0)) = 0.
and
χ(V LMO(O1O2)(0))− χ(V LMO(O2O1)(0)) = 0.
We note that we can translate the discussion in this section for WML
′
O1(O2O)
and
VML
′
O1(O2O)
. the discussion is completely dual.
5.4. Now, we come to prove Theorem C and D.
Proof of Theorem C: It is suffices to verify the Jacobi identity:
∆ = [[1ˆO1 , 1ˆO2 ], 1ˆO]− [[1ˆO1 , 1ˆO], 1ˆO2 ]− [[1ˆO, 1ˆO2], 1ˆO1] = 0
∆′ = [[hO1 , 1ˆO2 ], 1ˆO]− [[hO1 , 1ˆO], 1ˆO2]− [[1ˆO, 1ˆO2], hO1 ] = 0
∆′′ = [[hO1 , hO2 ], 1ˆO]− [[hO1 , 1ˆO], hO2 ]− [[1ˆO, hO2], hO1 ] = 0
We will follow tightly [PX3] and [Hu]. First, ∆ (also ∆′ and ∆′′) is a Gd1+d2+d-
invariant constructible function by discussion in Section 3.4. Moreover, according
to the definition of Lie bracket operation in Section 5.2 and the discussion in Section
5.3, we know
(1ˆO1 ∗ 1ˆO2) ∗ 1ˆO(M) =
∑
L∈R(e′′+e′)
FLO1O2 · FM〈L〉O1
for M ∈ P2(A,d1 + d2 + d) and
[[1ˆO1, 1ˆO2 ], 1ˆO] = [[1ˆO1 , 1ˆO2]n, 1ˆO]n−χ(O1 ∩ O2[1])(hd1 | hd)1ˆO−(FO[1]O1O2−F
O[1]
O2O1
)hd
where
[[1ˆO1 , 1ˆO2]n, 1ˆO]n(M) =
∑
L∈R(e′′+e′)
(FLO1O2 − FLO2O1) · (FM〈L〉O1 − FMO1〈L〉)
and
F
O[1]
O1O2
=
∑
L∈R(e′′+e′)
χ(〈L〉 ∩ O[1])FLO1O2 .
Let us write
cM := ∆
M
O1O2O +∆
M
O2OO1 +∆
M
OO1O2 −∆MO2O1O −∆MOO2O1 −∆MO1OO2,
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where
∆MO1O2O := χ(V
LM
(O1O2)O
)− χ(VMLO1(O2O)).
Define
bM := (χ(O1 ∩ O2[1])(hO1 | hO)1ˆO − χ(O1 ∩ O[1])(hO1 | hO2)1ˆO2
−χ(O ∩O2[1])(hO | hO1)1ˆO1)(M).
Set γLO1O2 = F
L
O1O2
− FLO2O1 , we define
aM := γ
O[1]
O1O2
hO − γO2[1]O1O hO2 − γ
O1[1]
OO2
hO1
hence,
∆(M) = cM − bM − aM
(1) cM = c
1
M + c
2
M and c
1
M = 0
By Proposition 5.3 and 5.7, we have
∆MO1O2O = χ(V
LM
(O1O2)O
(0)))− χ(V LMO1(O2O)(0))) +
4∑
i=2
(χML
′
O1(O2O)
(i)− χLM(O1O2)O(i)).
Set
c1M = (χ(V
LM
(O1O2)O
(0))− χ(V LM(O2O1)O(0)))− (χ(VMLO1(O2O)(0))− χ(VMLO1(OO2)(0)))
+(χ(V LM(O2O)O1(0))− χ(V LM(OO2)O1(0)))− (χ(V MLO2(OO1)(0))− χ(VML(O2(O1O)(0)))
+(χ(V LM(OO1)O2)(0))−χ(V ML(O1O)O2(0))))− (χ(V MLO(O1O2)(0))−χ(V ML(O(O2O1)(0)))
c2M =
4∑
i=2
{−χLM(O1O2)O(i) + χML
′
O1(O2O)
(i)− χLM(O2O)O1(i) + χML
′
O2(OO1)
(i)− χLM(OO1)O2(i)
+χML
′
O(O1O2)
(i) + χLM(O2O1)O(i)− χML
′
O2(O1O)
(i) + χLM(OO2)O1(i)− χML
′
O(O2O1)
(i)
+χLM(O1O)O2(i)− χML
′
O1(OO2)
(i)}.
Then cM = c
1
M + c
2
M .
By Corollary 5.9, c1M = 0 and for c
2
M , we first remark the following fact (see
Proposition 5.7):
4∑
t=2
χLM(OiOj)Ok(t)− χML
′
Ok(OiOj)
(t) = χLM(OiOj)Ok(3)− χML
′
Ok(OiOj)
(3)
=
∫
Z∈Oi[1]∩Ok
dimCHom(M,Z[1])1Oj(M)−
∫
Z∈Oj [1]∩Ok
dimCHom(Z[1],M)1Oi(M)
for any Z ∈ Ok. We use this fact to substitute the terms in c2M , then
c2M = bM .
(2) aM = 0
We claim that for indecomposable constructible sets Oi,Oj and Ok,
(5.3) F
Ok[1]
OiOj
= F
Oi[1]
OjOk
.
Without loss of generality, we assume that Os is an indecomposable constructible
subset of P2(A, es) for s = i, j, k. Let Xi, Xj andXk be any objects in them, respec-
tively and the corresponding orbits are denoted by OXl for l = i, j, k. Considering
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group action (c) in Section 5.1, we find as the orbit spaces of V (Xi, Xj ;Xk[1]) and
V (Xj [1], Xk[1];Xi)
V (Xi, Xj;Xk[1]) ∼= V (Xj [1], Xk[1];Xi)
and the corresponding fibres are:
{(bf, gb−1, h)∧ | b ∈ Ge} and {(ag, ha−1, f [1])∧ | a ∈ Ge′′}
Depending on indecomposable property of Xi, Xj and Xk,, AutXi and AutXk can
be decomposed as direct products of C∗ and contractible subgroups, hence, we
can regard a, b ∈ C∗ in the above fibres so that two fibres have the same Euler
characteristic. This shows F
Xk[1]
OXiOXj
= F
Xi[1]
OXjOXk
. Hence, by Lemma 3.9, we know
F
OXk [1]
OXiOXj
= F
OXi [1]
OXjOXk
.
Let 〈Xi, Xj, Xk〉 = {(Ei, Ej , Ek) ∈ Oi ×Oj ×Ok | FOEk [1]OEiOEj = F
OXk [1]
OXiOXj
}. Then
〈Xi, Xj, Xk〉 = 〈Xj , Xk, Xi〉.
Consider the projection
W (Oi,Oj ;Ok)→ Oi ×Oj ×Ok.
It induces the map:
V (Oi,Oj ;Ok)→ Oi ×Oj ×Ok
where Oi ×Oj ×Ok is the quotient space of Oi × Oj × Ok under the action of
Gei ×Gej ×Gek . In the same way as the proof of Proposition 3.15, using Lemma
3.9, we can prove that there exists a finite subset R of Oi ×Oj ×Ok such that
Oi ×Oj ×Ok =
⋃
(Xi,Xj ,Xk)∈R
〈Xi, Xj , Xk〉
and
F
Ok[1]
OiOj
=
∑
(Xi,Xj ,Xk)∈R
χ(〈Xi, Xj , Xk〉) · FOXk [1]OXiOXj .
and
F
Oi[1]
OjOk
=
∑
(Xi,Xj ,Xk)∈R
χ(〈Xj , Xk, Xl〉) · FOXi [1]OXjOXk .
This implies our claim.
If hO1 + hO2 + hO3 6= 0, then any term in aM vanishes. So we assume hO1 +
hO2 + hO3 = 0, in this case, aM = 0 follows our claim. Now consider ∆
′,
∆′ = [[hO1 , 1O2 ], 1O]− [[hO1 , 1O], 1O2 ]− [[1O, 1O2], hO1 ]
= (hO1 | hO2 + hO)[1O2 , 1O] + (hO1 | hO2 + hO)[1O, 1O2 ] = 0
Finally according to the definition of the Lie bracket, it is easy to prove ∆′′ = 0.
Thus we complete the proof of Theorem C. 
Proof of Theorem D: We claim (, ) |n×n is non degenerated. For any dimension
vector d and fˆ ∈ IGT (d), without loss of generality, we may assume Oi∩Oj = ∅ for
i 6= j. If fˆ 6= 0, then there exists mi 6= 0. We take any L ∈ Oi and let OL[1] be the
orbit of L[1], then (fˆ | 1ˆOL[1]) = mi 6= 0. So it remains to prove that the bilinear
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form defined by (b), (c) and (d) is symmetric and satisfies the condition (a). For
(i),
([hd, 1ˆO1] | 1ˆO2) = (hd | hO1)(1ˆO1 | 1ˆO2) = (hd | hO1)χ(O1 ∩ O2[1])
and
(hd | [1ˆO1, 1ˆO2 ]) = (hd | hO1∩O2[1])χ(O1 ∩ O2[1]) = (hd | hO1)χ(O1 ∩ O2[1])
For (ii), we only need to prove the following identity:
([1ˆO1 , 1ˆO2 ]n | 1ˆO3) = (1ˆO1 | [1ˆO2, 1ˆO3 ]n)
We have known the Lie bracket of constructible functions is still a constructible
function. Hence, we can set [1ˆO1 , 1ˆO2 ]n =
∑
mi1ˆCi and [1ˆO2 , 1ˆO3 ]n =
∑
nj 1ˆDj . For
any L ∈ Ci and M ∈ Dj ,
mi = F
L
O1O2 − FLO2O1 and nj = FMO2O3 − FMO3O2 .
Therefore,
([1ˆO1 , 1ˆO2]n | 1ˆO3) =
∑
miχ(Ci ∩ O3[1]) = FO3[1]O1O2 − F
O3[1]
O2O1
(1ˆO1 | [1ˆO2, 1ˆO3 ]n) =
∑
njχ(Dj ∩ O1[1]) = FO1[1]O2O3 − F
O1[1]
O3O2
Using our claim (5.3) in the proof of Theorem C, we obtain the identity. 
5.5. Let K0 be the Grothendieck group of Db(A) and hZ = K0. For d ∈ K0, let
MZGT (d) and I
Z
GT (d) be the set of all fˆ ∈ M(P2(A,d)) and fˆ ∈ IGT (d) such that
all values of fˆ are in Z, respectively. We consider the Z-spaces nZ =
⊕
d∈K0
IZGT (d)
and gZ = hZ ⊕ nZ. Then Theorem C and Theorem D have the following Z-form.
Theorem 5.10. (1) The Z-space gZ with the bracket [−,−] is a Lie algebra.
(2) The symmetric bilinear form (−|−) is invariant over gZ in the sense
([x, y]|z) = (x|[y, z]) for any x, y and z ∈ gZ.
(3) (−|−)|nZ×nZ is non-degenerated.
6. Realization of generalized Kac-Moody Lie algebra
6.1. As an application, we consider the case A = CQ where Q is a finite quiver
without oriented cycle. In this section, we always use g to denote the Lie algebra
arising from P2(A) which is defined in Section 5.2. We will show that the above Lie
algebra is a generalized Kac-Moody Lie algebra and the corresponding symmetric
Kac-Moody algebra is a subalgebra of it, by following the methods in [SV] and
[DX]. When Q is a tame quiver, we will demonstrate that the precise structure
of the symmetric affine Lie algebra can be revealed from the derived category of
representations of Q. This phenomenon was first discovered in [FMV] and extended
in [LP] .
We fix the embedding modA in Db(A) by taking any X ∈ modA as a stalk
complex X• = (Xi) with X0 = X and Xi = 0 for i 6= 0. Hence, we have the
induced embedding of modA in D2(A) since the functor F in Section 4.1 is dense
(See [PX2] Corollary 7.1 or [Ke]). Moreover, D2(A) ∼= K2(P(A)).
Let indD2(A) be the set of isomorphism classes of all indecomposable objects in
D2(A) and ind (A) be the set of isomorphism classes of all indecomposable objects
in mod (A). We know that indD2(A) = ind (A) ∪ (ind (A)[1]) by [H1].
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For any α ∈ K0(modA), let E(A,α) be the module variety on the dimension
vector α. Let MG(α) be the C-space of Gα-invariant constructible functions over
E(A,α). We can define a convolution product over MG(A) =
⊕
α∈K0(modA)
MG(α)
such that
1O1∗1O2(M) = χ({0 ⊂M1 ⊂M |M1 ∼= Y,M/M1 ∼= X for some X ∈ O1, Y ∈ O2}).
for any M ∈ E(A,α1 + α2) and any Gα-invariant constructible subsets O1 ⊂
E(A,α1) and O2 ⊂ E(A,α2) (see [Rie] and [L5]).
A function is called indecomposable if all points in its support set correspond
to indecomposable A-modules. Let IG(α) be the C-space of Gα-invariant indecom-
posable constructible functions over E(A,α). We set
nA =
⊕
α∈K0(modA)
IG(α)
The convolution induces a well-defined Lie bracket over nA (see [Rie] and [DXX]).
For any f ∈ IG(α), there is an equivalence class fˆ over P2(A,α) by the embedding
modA →֒ K2(P(A)). It is not difficult to prove that the morphism:
nA → g
1O 7→ 1ˆO
is an injective Lie algebra homomorphism. So nA is isomorphic to a Lie subalgebra
(denoted by n+) of g, which deduces a triangular decomposition g = n+ ⊕ h ⊕ n−
and n = n+ ⊕ n− where n− := nA[1] is generated by 1ˆO[1] with 1O ∈ nA. The
triangular decomposition g = n+ ⊕ h ⊕ n− and the non-degenerated bilinear form
(−|−) |nA⊕nA[1] guarantee that g is a generalized Kac-Moody Lie algebra by [B].
The generators and generating relations can be constructed by the following process.
6.2. First, Let LE(A) be the Lie subalgebra of g generated by all 1ˆOX which OX is
the orbit of X with X exceptional object in D2(A). It can be proved that LE(A) is
the corresponding Kac-Moody Lie algebra (see[PX3] Theorem 4.7). Let LE(A)± =
LE(A) ∩ n± be its Lie subalgebras of positive and negative parts, respectively. We
set g+0 (A) = LE(A)+ and g−0 (A) = LE(A)−. We shall construct the Lie subalgebra
g±m(A) of n
±(A) and the Lie subalgebra gm(A) of g(A) for m ≥ 0.
Let m ≥ 1 and suppose g±m−1(A) and gm−1(A) = g−m−1 ⊕ h ⊕ g+m−1 have been
constructed. We let πm ∈ N[I] have the smallest trace such that g+m−1(A)πm 6=
n+(A)πm . Then we define
L+πm = {x+ ∈ n+(A)πm | (x+|g−m−1(A)πm) = 0}
and
L−πm = {y− ∈ n−(A)πm | (g+m−1(A)πm |y−) = 0}
We now denote by g±m(A) the Lie subalgebra of n
±(A) generated by g±m−1(A) and
L±πm , respectively. Set g(A)m = g
+
m(A) ⊕ h ⊕ g−m(A). As a conclusion, we obtain
the chains of Lie subalgebra of n±(A) and of g(A):
g±(A)0 ⊂ g±(A)1 ⊂ · · · ⊂ g±(A)m ⊂ · · · ⊂ n±,
g(A)0 ⊂ g(A)1 ⊂ · · · ⊂ g(A)m ⊂ · · · ⊂ g.
For m ≥ 1, let ηm = dimCL+πm = dimCL−πm . All πm lie in the fundamental set, that
is, (πm, i) ≤ 0 for i ∈ I and m ≥ 1 (see [DX]). Depending on non-degeneracy of
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(−|−) |n+×n− , we can construct a basis {Ep(m) | 1 ≤ p ≤ ηm} of L+πm and a basis
{Fp(m) | 1 ≤ p ≤ ηm} of L−πm such that
(Ep(m), Fq(n)) = δpqδmn.
Now we set ei = Ei(0) = 1ˆOSi and fi = Fi(0) = 1ˆOSi[1] for i ∈ I, where Si
is the simple A-module at the vertex i. Let ej = Ep(m) and fj = Fp(m) for
j = (πm, p) ∈ J where J = {(πm, p) | 1 ≤ p ≤ ηm}. If j = (πm, p) ∈ J we denote
hj = hπm . Following the above construction, g is the Lie algebra generated by ei, fi
and h for i ∈ I ∪ J . We define ω(ei) = fi for i ∈ I ∪ J and ω(hi) = −hi for
i ∈ I. The property of non-degeneracy of (−|−) |n+×n− implies that ω : g → g is
an involution.
The triangular decomposition g = n−⊕h⊕n+, the non-degeneracy and invariance
of bilinear form (−|−) guarantee the generators satisfy the generating relations of
the generalized Kac-Moody Lie algebra (see [SV] and [DX]). Hence, we have the
following theorem by [B]:
Theorem 6.1. Let A = CQ. The Lie algebra g is a generalized Kac-Moody Lie
algebra with the following generating relations:
(1) [hi, hj ] = 0 for any i, j ∈ I;
(2) [hi, ej] = (i, j)ej for any i ∈ I and j ∈ I ∪ J ;
(3) [hi, fj] = −(i, j)fj for any i ∈ I and j ∈ I ∪ J ;
(4) [ei, fj] = δijhj for any i, j ∈ I ∪ J ;
(5) (adei)
1−aij ej = (adfi)
1−aijfj = 0 for any i ∈ I, j ∈ I ∪ J and i 6= j;
(6) [ei, ej] = [fi, fj ] = 0 if aij := (i, j) = 0 for i, j ∈ I ∪ J .
Moreover, the Lie subalgebra g0(A) generated by ei, fi and hi for i ∈ I is the
derived Kac-Moody Lie algebra with Cartan datum (I, (−,−)), where (−,−) is the
symmetric Euler bilinear form of Q.
6.3. In the following part, we will suppose Q is a Dynkin or tame quiver. An
explicit construction of the positive part of affine Kac-Moody algebra has been given
in [FMV] via Hall algebra approach. We will verify that, if we apply our result to
the case the derived category of representations of a tame quiver, the main result in
[FMV] can be extended easily to give a global realization of the affine Kac-Moody
algebra. We remark here that the similar result has been obtained by [LP] in a
different way.
6.3.1 As showed in [GM] and [XZZ], BGP-functor( see [BGP]) can be defined over
root category D2(A), denoted by:
D2(A) Hm(S
+
a )(Hm(S
−
a ))−−−−−−−−−−−−→ D2(σaA)
where a is a source (sink) of quiver Q and σaA = C(σaQ). In particular,
Hm(S+a )(Sa) = S′a[1]
where Sa and S
′
a are the simple modules at the vertex a in modA and modσaA,
respectively. The explicit construction as follows (see Ex 4.6 in [GM]). Let M• =
(Mn, ∂n) ∈ D2(A) where Mn = (Cαn , xn) with dimension vector αi for n ∈ Z. Re-
call Cαn =
⊕
i∈Q0
Cdi(αn) and xn = (xn,α)α∈Q1 with xn,α ∈ Hom(Cds(α)(αn),Cdt(α)(αn)).
Of course, Mn = Mn+2. Define Hm(S
+
i )(M
•) = (Nn, dn) ∈ D2(σiA) as follows.
Assume that Nn = (C
βn , yn) with dimension vector βn. Then
Cdi(βn) = Cdi(αn) for any i 6= a,
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and
Cda(βn) = (
⊕
(ab)∈Q1
Cdb(αn))⊕ Cda(αn+1)
and for β ∈ Q1,
yn,β =
{
xn,β , if t(β) 6= a,
the embedding, otherwise.
Recall that LE(Q) is Lie subalgebra of g generated by the character functions of
exceptional objects in the root category. This functor induces the homeomorphism
between P2(A) and P2(σiA) so that we have the following isomorphism between
the corresponding Lie algebras:
ϕ˜i : LE(A)→ LE(σiA)
By Theorem 6.1 we have the following canonical isomorphism:
φ : g(C)→ LE(A)
fixing the generators ei and fi for i ∈ I, where C = (I, (−,−)) is the Cartan datum
of Q, g(C) is the derived Kac-Moody Lie algebra corresponding to C. Moreover,
we have the following commutative diagram (see [XZZ]):
g(C)
s˜i //
φ

g(C)
φ

LE(A) ϕ˜i // LE(σiA)
where s˜i := exp(adei)exp(ad(−fi))exp(adei) is the isomorphism map defined in
[K3].
6.3.2 In order to give the concrete expression of Chevalley basis in g(C) by the
above isomorphism φ in LE(A), we will consider Lie algebra based on the Euler
cocycle. Let Q is a tame quiver and R be the root system of the quiver Q. Let δ
be the minimal imaginary root of R+. We denote by g
ǫ(C) the following R-graded
C-linear space:
gǫ(C) =
⊕
α∈R∪{0}
nǫα(C),
such that
• for each real root α a one-dimensional C-linear space nǫα(C) = Ce˜α with
generator e˜α,
• for each imaginary root nδ a C-linear space nǫnδ(C) = C[I]/Cδ, where we
consider δ as an element of R+ ⊂ Z[I] ⊂ C[I]. For h ∈ C[I] we denote by
h(n) the image of h under the natural projection map C[I]→ nǫnδ(C).
The space gε(Q) is equipped with the bilinear bracket
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[e˜α, e˜β] =


ǫ(α, β)e˜α+β if α+ β ∈ Rre,
ǫ(α, β)α(k) if α+ β = kδ,
hα if α = −β,
0 otherwise,
[h(n), e˜α] = −[e˜α, h(n)] = ǫ(nδ, α)(h, α)e˜α+nδ,
[h(n), h′(−n)]] = n(h, h′)c, c is the center element
[h(n), h(m)] = 0, if n+m 6= 0
(6.1)
where h ∈ C[I], ǫ is the Euler cocycle . The following is well-known.
Theorem 6.2. The C-linear space gǫ(Q) equipped with the above bracket is iso-
morphic to the derived affine Kac-Moody algebra of type C.
Next, we describe the structure of D2(A) (See [H1]) for A = CQ of tame quiver
Q. We know indD2(A) = indA∪ indA[1]. The AR-quiver of D2(A) consists of two
components of form ZQ and two families of orthogonal tubes indexed by P1(C).
We denote the two families of tubes by TQ = {Tz | z ∈ P1(C)} and by Nz the
period of Tz and TQ[1] = {Tz[1] | z ∈ P1(C)}. Let L ⊂ P1(C) be such that the
tube Tz is of period Nz > 1 for any z ∈ L. Then |L| ≤ 3. By [DR], we may fix an
embedding: π : D2(K)→ D2(A) such that π(TK) ⊂ TQ and π(TK [1]) ⊂ TQ[1] for
the Kronecker quiver K. It induces the Hall map π∗ from MGT (K) to MGT (A).
Let 1ˆ(n,n) ∈ IGT (K, (n, n)) be the equivalence class over P2(K, (n, n)) of the
characteristic function on the constructible subset of all indecomposable objects in
modK with dimension vector (n, n) for n ∈ Z. We denote by E0(n) the image of
1ˆ(n,n) under π∗.
Let Mi,1,z be the regular simple objects in Tz and Mi,l,z be the indecomposable
objects in Tz with regular length l for i ∈ Z/NzZ such that the regular socle ofMi,l,z
isMi,1,z. Set Mi,−l,z =Mi,l,z[1] for l > 0. Let Ei,l,z := 1OMi,l,z be the characteristic
function of the orbit ofMi,l,z. If |l| 6≡ 0(modNz), then dimMi,l,z ∈ Rre and Ei,l,z ∈
LE(A). If l = nNz, then dimMi,l,z = nδ and Ei+1,l,z − Ei,l,z ∈ LE(A) (See [FMV]
and [PX1]).
We define the function ξ : R→ ±1 by
ξ(α) = (−1)(1+dimCEndM)
for indecomposable object M with dimM = α.
For any function fα ∈ IGT (D2(A)), set f˜α = ξ(α)fα.
Now we are ready to give the generalization of the main theorem in [FMV]. By
using the reflection functor defined for D2(A) and following the method in [FMV]
we eventually obtain the following result.
Theorem 6.3. Let Q be any tame quiver without oriented cycles. The following
map completely describes an isomorphism gǫ(C)→ LE(A):
Ξǫ(e˜α) = E˜α for any α ∈ Rre ,
Ξǫ(αi,z(n)) = E˜i,nNz,z − E˜i+1,nNz,z,
Ξǫ(α0(n)) = −E˜0(n)
Ξǫ(β) = hβ ,Ξ
ǫ(c) = hδ.
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for any n ∈ Z and β ∈ Z[I].
Obviously, the set:
{E˜α}α∈Rre ∪ {E˜i,nNz,z − E˜i+1,nNz,z}i∈Z/NzZ,z∈L,n∈Z ∪ {E˜0(n)}n∈Z ∪ {hi}i∈I
provides a Z-basis of LE(A).
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